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 c
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 p

r
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 p
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b
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o
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0
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y
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e
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a
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 r
e
a
c
h
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e
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n
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n
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d
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a
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c
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g
n
e
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 p

h
a
s
e
 tr

a
n
s
itio

n
. S
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m

p
e
r
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r
e
 (T

)
 d
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n
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n
a
l-

ity
 o

f
 th

e
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n
d
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p
e
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v
e
n
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e
a
r d

e
p
e
n
d
e
n
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p
e
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e
h
a
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p
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n
e
 
in

 

th
e
 a

p
p

lic
a
tio

n
 o

f
 M

B
E

 m
e
th

o
d

s
 to

 la
y
e
r
e
d
 

in
te

r
m

e
ta

llic
 m

a
te

r
ia

ls
, s

h
o
w

in
g

 th
a
t th

e
s
e
 

m
e
th

o
d

s
 
c
a
n

 
b

e
 
s
u

c
c
e
s
s
f
u

lly
 
u

s
e
d

 
to

 
tu

n
e
 

th
e
 
d

im
e
n

s
io

n
a
lity

 
a
n

d
 
in

c
r
e
a
s
e
 
th

e
 
e
le

c
-

tro
n
 in

te
ra

c
tio

n
s
 in

 th
e
s
e
 k

in
d
s
 o

f m
a
te

ria
ls

. 

A
lth

o
u

g
h

 
th

e
 
c
u

r
r
e
n

t 
e
x

p
e
r
im

e
n

ts
 
d

id
 
n

o
t 

o
b

s
e
r
v
e
 a

n
y

 e
m

e
rg

e
n

t s
u

p
e
r
c
o

n
d

u
c
tiv

ity
 a

t 

th
e
 m

a
g
n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tra

n
s
itio

n
, th

is
 

n
e
x

t m
ile

s
to

n
e
 m

a
y

 n
o

t b
e
 f

a
r
 a

w
a
y
. I

n
 th

e
 

c
u

r
r
e
n

t s
a
m

p
le

s
, th

e
 r

e
s
is

tiv
ity

 o
f
 th

e
 m

o
s
t 

tw
o

-
d

im
e
n

s
io

n
a
l s

a
m

p
le

s
 is

 la
rg

e
, a

n
 e

ff
e
c
t 

th
e
 a

u
th

o
rs

 a
ttrib

u
te

 to
 in

te
rd

iffu
s
io

n
 o

f la
n
-

th
a
n

u
m

 a
n

d
 c

e
r
iu

m
 b

e
tw

e
e
n

 la
y
e
r
s
 (

 3
)
. T

h
e
 

s
c
a
tte

rin
g
 th

is
 c

re
a
te

s
 is

 w
e
ll k

n
o
w

n
 to

 b
re

a
k
 

u
p
 th

e
 e

le
c
tro

n
 p

a
irs

 n
e
e
d
e
d
 fo

r s
u
p
e
rc

o
n
d
u
c
-

tiv
ity

. F
u
tu

re
 e

x
p
e
rim

e
n
ts

, re
p
la

c
in

g
 th

e
 la

n
-

th
a
n

u
m

 w
ith

 s
m

a
lle

r
 tr

a
n

s
itio

n
 m

e
ta

l io
n

s
, 

m
a
y
 w

e
ll b

e
 a

b
le

 to
 s

o
lv

e
 th

is
 p

ro
b
le

m
. 
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E
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E
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a
ff

e
c
t c

lo
u

d
 d

y
n

a
m

ic
a
l p

r
o

c
e
s
s
e
s
 u

p
 to

 

th
e
 la

rg
e
s
t s

c
a
le

s
 (

 5
–

 7
)
.

T
o

 
a
 
la

r
g

e
 
e
x

te
n

t, 
u

n
d

e
r
s
ta

n
d

in
g

 
o

f
 

c
lo

u
d
s
 h

a
s
 c

o
m

e
 th

ro
u
g
h
 th

e
 s

tu
d
y
 o

f tw
o
 

p
h

e
n

o
m

e
n

a
: 

c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

a
l 

p
r
o

-

c
e
s
s
e
s
 in

 n
o

n
tu

r
b

u
le

n
t fl u

id
s
, a

n
d

 la
rg

e
-

s
c
a
le

 c
lo

u
d

 c
ir

c
u

la
tio

n
 a

n
d

 d
y

n
a
m

ic
s
. A

t 

th
e
 s

a
m

e
 tim

e
, u

n
d
e
rs

ta
n
d
in

g
 o

f th
e
 p

h
y
s
-

ic
s
 o

f fu
lly

 d
e
v
e
lo

p
e
d
 tu

rb
u
le

n
t fl o

w
s
 h

a
s
 

a
d

v
a
n

c
e
d

 r
a
p

id
ly

. F
o

r
 e

x
a
m

p
le

, s
o

p
h

is
ti-

c
a
te

d
 la

b
o
ra

to
r
y
 a

p
p
a
ra

tu
s
 n

o
w

 a
llo

w
s
 th

e
 

s
tu

d
y

 o
f
 n

u
c
le

a
tio

n
 a

n
d

 g
r
o
w

th
 o

f
 c

lo
u

d
 

p
a
r
tic

le
s
 
u

n
d

e
r
 
w

e
ll-

c
o

n
tr

o
lle

d
 
c
o

n
d

i-

tio
n

s
 (

 8
)
. C

o
m

p
u

ta
tio

n
a
l m

o
d

e
ls

 r
a
n

g
in

g
 

f
r
o

m
 th

e
 c

lo
u

d
 to

 th
e
 g

lo
b

a
l s

c
a
le

 e
lu

c
i-

d
a
te

 d
e
ta

ile
d
 in

te
ra

c
tio

n
s
 b

e
tw

e
e
n
 a

e
ro

s
o
ls

 

a
n
d
 c

lo
u
d
 d

y
n
a
m

ic
s
 ( 9

). A
n
d
 th

re
e
-d

im
e
n
-

s
io

n
a
l p

a
r
tic

le
 tra

c
k
in

g
 a

n
d
 fu

lly
 re

s
o
lv

e
d
 

tu
rb

u
le

n
c
e
 s

im
u
la

tio
n
s
 h

a
v
e
 s

u
b
s
ta

n
tia

lly
 

a
d

v
a
n

c
e
d

 o
u

r
 u

n
d

e
r
s
ta

n
d

in
g

 o
f
 tu

r
b

u
le

n
t 

tra
n
s
p
o
r
t a

n
d
 m

ix
in

g
 ( 1

0
).

T
h

e
 f

r
o

n
tie

r
 in

 c
lo

u
d

 p
h
y

s
ic

s
, a

n
d

 th
e
 

c
h

a
lle

n
g

e
 
in

 
u

n
d

e
r
s
ta

n
d

in
g

 
c
lo

u
d

 
p

r
o

-

c
e
s
s
e
s
, lie

s
 a

t th
e
 in

te
rs

e
c
tio

n
 o

f th
e
s
e
 tw

o
 

fi e
ld

s
 (

 1
1

)
. F

o
r
 e

x
a
m

p
le

, h
ig

h
-
r
e
s
o

lu
tio

n
 

m
e
a
s
u
re

m
e
n
ts

 o
f te

m
p
e
ra

tu
re

, liq
u
id

 w
a
te

r
 

c
o

n
te

n
t, 

a
e
r
o

s
o

l 
p

r
o

p
e
r
tie

s
, 

a
n

d
 
a
ir

f
lo

w
 

re
v
e
a
l f

a
s
c
in

a
tin

g
 s

m
a
ll-s

c
a
le

 c
lo

u
d
 s

tr
u
c
-

tu
re

s
, in

v
is

ib
le

 w
ith

 e
a
rlie

r te
c
h
n
o
lo

g
y
 ( 3

, 

 1
2
). L

a
b
o
ra

to
r
y
 e

x
p
e
rim

e
n
ts

 a
n
d
 n

u
m

e
ri-

c
a
l 

s
im

u
la

tio
n

s
 
a
r
e
 
p

r
o
v

id
in

g
 
d

e
ta

ile
d
 

in
f
o

r
m

a
tio

n
 
o

n
 
c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

s
 
(
 8

)
, 

tu
rb

u
le

n
t d

y
n
a
m

ic
s
 ( 1

3
), a

n
d
 in

te
ra

c
tio

n
s
 

a
n

d
 c

o
llis

io
n

s
 b

e
tw

e
e
n

 d
r
o

p
le

ts
 (

 1
4

,  1
5

)
. 

S
c
a
le

-
r
e
s
o

lv
in

g
 
s
im

u
la

tio
n

s
 
th

a
t 

m
e
rg

e
 

m
e
th

o
d

s
 
f
r
o

m
 
th

e
 
c
lo

u
d

 
a
n

d
 
tu

r
b

u
le

n
c
e
 

c
o
m

m
u
n
itie

s
 a

re
 e

lu
c
id

a
tin

g
 th

e
 w

id
e
 v

a
ri-

e
ty

 o
f c

irc
u
la

tio
n
 re

g
im

e
s
 ( 1

6
). T

h
e
s
e
 to

o
ls

 

a
llo

w
 th

e
 fu

ll c
o
m

p
le

x
ity

 o
f m

ic
ro

p
h
y
s
ic

a
l 

a
n
d
 fl u

id
-d

y
n
a
m

ic
a
l in

te
ra

c
tio

n
s
 in

 c
lo

u
d
s
 

to
 b

e
 e

x
p
lo

re
d
 (s

e
e
 th

e
 fi g

u
re

).

T
w

o
 
e
x

a
m

p
le

s
 
illu

s
tr

a
te

 
th

is
 
f
u

r
th

e
r. 

F
irs

t, c
o
m

p
u
ta

tio
n
a
l, la

b
o
ra

to
r
y
, a

n
d
 fi e

ld
 

s
tu

d
ie

s
 ( 1

7
,  1

8
) h

a
v
e
 e

x
p
lo

re
d
 tw

o
 fu

n
d
a
-

m
e
n

ta
lly

 
d

iff
e
r
e
n

t 
r
e
g

im
e
s
 
f
o

r
 
th

e
 
in

te
r-

p
la

y
 b

e
tw

e
e
n
 tu

rb
u
le

n
t m

ix
in

g
 a

n
d
 d

ro
p
le

t 

g
r
o
w

th
 
a
n

d
 
e
v
a
p

o
r
a
tio

n
. A

t 
la

rg
e
 
s
c
a
le

s
, 

m
ix

in
g
 o

c
c
u
rs

 a
t s

h
a
r
p
 fro

n
ts

 a
n
d
 fi e

ld
s
 a

re
 

in
h
o
m

o
g
e
n
e
o
u
s
, w

h
e
re

a
s
 a

t s
m

a
ll s

c
a
le

s
, 

m
ix

in
g
 is

 s
m

o
o
th

 a
n
d
 h

o
m

o
g
e
n
e
o
u
s
. T

h
e
s
e
 

r
e
g

im
e
s
 
s
tr

o
n

g
ly

 
a
ff

e
c
t 

s
p

a
tio

te
m

p
o

r
a
l 

d
ro

p
le

t g
ro

w
th

 a
n
d
 e

v
a
p
o
ra

tio
n
, w

ith
 im

p
li-

c
a
tio

n
s
 fo

r p
re

c
ip

ita
tio

n
 in

itia
tio

n
 a

n
d
 ra

d
ia

-

tiv
e
 p

ro
p
e
r
tie

s
 o

f c
lo

u
d
s
.

S
e
c
o
n
d
, re

c
e
n
t re

s
e
a
rc

h
 h

a
s
 c

h
a
n
g
e
d
 o

u
r
 

u
n
d
e
rs

ta
n
d
in

g
 o

f ra
in

 fo
r
m

a
tio

n
. R

a
in

 fo
r
m

a
-

tio
n
 h

a
s
 lo

n
g
 b

e
e
n
 a

ttrib
u
te

d
 to

 c
o
llis

io
n
s
 a

n
d
 

s
u
b
s
e
q
u
e
n
t c

o
a
le

s
c
e
n
c
e
 re

s
u
ltin

g
 fro

m
 c

lo
u
d
 

p
a
r
tic

le
s
 fa

llin
g
 a

t d
iffe

re
n
t te

r
m

in
a
l s

p
e
e
d
s
 in

 

a
 q

u
ie

s
c
e
n
t fl u

id
. T

h
is

 v
ie

w
 n

e
g
le

c
te

d
 th

e
 fa

c
t 

th
a
t c

lo
u
d
s
 a

re
 tu

rb
u
le

n
t. T

u
rb

u
le

n
c
e
 p

ro
v
id

e
s
 

a
 ra

n
d
o
m

 a
c
c
e
le

ra
tio

n
 te

r
m

 to
 c

o
m

p
e
te

 w
ith

 

th
e
 g

ra
v
ita

tio
n
a
l s

e
d
im

e
n
ta

tio
n
, re

s
u
ltin

g
 in

 

c
o
m

p
le

x
 p

a
r
tic

le
 tra

je
c
to

rie
s
 th

a
t c

ro
s
s
 fl u

id
 

s
tre

a
m

lin
e
s
 a

n
d
 le

a
d
 to

 s
p
a
tia

lly
 c

lu
s
te

re
d
 p

a
r-

tic
le

 d
is

trib
u
tio

n
s
 (s

e
e
 th

e
 fi g

u
re

). T
h
is

 p
ro

c
e
s
s
 

s
u

b
s
ta

n
tia

lly
 
e
n

h
a
n

c
e
s
 
c
o

llis
io

n
 
r
a
te

s
, 

th
u

s
 

re
d
u
c
in

g
 th

e
 tim

e
 re

q
u
ire

d
 to

 fo
r
m

 p
re

c
ip

ita
-

tio
n
 in

 c
lo

u
d
s
 ( 1

5
,  1

9
).

W
ith

 th
e
s
e
 a

d
v
a
n
c
e
s
 w

e
 c

a
n
 b

e
tte

r a
d
d
re

s
s
 

s
o
m

e
 o

f H
o
u
g
h
to

n
’s

 p
e
rs

is
te

n
t q

u
e
s
tio

n
s
 ( 1

). 

L
a
b
o
ra

to
r
y
 f

a
c
ilitie

s
 a

re
 b

e
in

g
 d

e
v
e
lo

p
e
d
 fo

r
 

s
tu

d
y

in
g

 d
r
o

p
le

t a
c
tiv

a
tio

n
, ic

e
 n

u
c
le

a
tio

n
, 

a
n
d
 c

o
n
d
e
n
s
a
tio

n
a
l g

ro
w

th
 in

 fl o
w

s
 w

ith
 re

a
l-

is
tic

 tu
rb

u
le

n
c
e
 a

n
d
 th

e
r
m

o
d
y
n
a
m

ic
s
 c

o
n
d
i-

tio
n

s
. L

a
g

r
a
n

g
ia

n
 p

a
r
tic

le
 tr

a
c
k

in
g

 c
a
n

 e
lu

-

c
id

a
te

 c
lo

u
d
 p

a
r
tic

le
 d

y
n
a
m

ic
s
 in

 th
e
 la

b
o
ra

-

to
r
y
 a

s
 w

e
ll a

s
 in

 re
a
l c

lo
u
d
s
. S

c
a
le

-re
s
o
lv

in
g
 

n
u
m

e
ric

a
l s

im
u
la

tio
n
s
 h

a
v
e
 b

e
g
u
n
 to

 c
a
p
tu

re
 

th
e
 in

te
r
p
la

y
 o

f tu
rb

u
le

n
t m

ix
in

g
 a

n
d
 n

o
n
lin

-

e
a
r
 p

h
a
s
e
 tr

a
n

s
itio

n
s
. T

h
e
 r

e
s
u

ltin
g

 in
s
ig

h
ts

 

w
ill e

n
a
b
le

 th
e
 d

e
v
e
lo

p
m

e
n
t o

f h
ie

ra
rc

h
ie

s
 o

f
 

m
o

d
e
ls

 f
o

r
 p

r
e
d

ic
tin

g
 h

o
w

 s
m

a
ll-

s
c
a
le

 p
r
o

-

c
e
s
s
e
s
 c

o
u
p
le

 to
 th

e
 la

rg
e
r s

c
a
le

s
 a

n
d
 h

o
w

 th
is

 

c
o
u
p
lin

g
 a

ffe
c
ts

 w
e
a
th

e
r a

n
d
 c

lim
a
te

.  
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. Turbulence on scales from

 hun-
dreds of m

eters to fractions of m
illim

eters affects 
the form

ation and dynam
ics of clouds, w

ith con-
sequences extending to the scale of w

eather and 
global clim

ate. CCN
, cloud condensation nuclei.
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FIG
.1.

(a)
Snapshot

of
the

initial
locations

of
the

droplets
(random

ly
distributed)

w
ith

a
m

ean
size

of
10

µ
m

and
standard

deviation
of

2
µ

m
.(b)

D
ropletpositions

at
t ′=

0
.024

s.
!

=
10

m
2/s.O

rigin
represents

the
center

of
the

vortex.
T

he
droplets

w
hich

start
their

journey
from

w
ithin

the
critical

radius
of

caustics
are

colored
green

(dark
grey),others

red
(light

grey).Subsequently
if

in
a

m
erging

event,at
least

a
caustics

dropletis
involved,the

resulting
dropletis

colored
black.T

he
size

of
the

black
droplets

is
scaled

up
for

better
visualization.

G
iven

the
low

particle
volum

e
fraction,only

binary
collisions

are
assum

ed
to

take
place.A

tthe
beginning

of
every

sim
ulation

tim
e

interval
[t,t+

"
t],all

pairs
of

droplets
(i,j)

are
checked

for
potentialcollision

by
calculating

the
tim

e
"

t (ij)=
((a

(i)+
a

(j))−
r

(ij))/v
(ij),atw

hich
they

w
ould

touch
if

they
continued

to
m

ove
in

straight
trajectories.

T
he

superscript
(ij)

denotes
a

relative
quantity

betw
een

the
ith

and
jth

droplets.If
0

<
"

t (ij)
<

"
t,the

droplets
are

deem
ed

to
collide

at
(t+

"
t (ij)).For

m
ore

details,see
R

ef.[20].H
ow

ever,notallcollisions
need

resultin
coalescence;

for
instance,if

the
droplets

do
notapproach

each
other

w
ith

sufficientkinetic
energy

to
expelthe

intervening
air

film
,they

w
illbounce

aw
ay.B

ased
on

approach
conditions

such
as

collision
angle,

relative
velocity

betw
een

the
colliding

droplets
and

the
ratio

ofdropletsizes,w
e

determ
ine

w
hether

tw
o

colliding
droplets

w
ill

bounce
or

m
erge

(see
R

ef.
[21]

for
details).

Since
cloud

droplets
are

sm
all

(a
<

100
µ

m
),the

probability
of

fragm
entation

on
collision

is
neglected

[22].B
ounce

and
coalescence

events
are

treated
as

elastic
and

inelastic
collisions,respectively,w

ith
droplets

alw
ays

rem
aining

spherical.

IV.
R

E
SU

LT
S

A
N

D
D

ISC
U

SSIO
N

For
brevity

w
e

refer
to

droplets
located

initially
w

ithin
r
c =

0
.55 √

(2
π

)
as

caustics
droplets.

W
e

color
these

droplets
green

and
other

droplets
red

[Fig.
1(a)].In

the
course

of
the

sim
ulation,

droplets
resulting

from
coalescence

events
involving

atleastone
caustics

dropletare
colored

black
and

rem
ain

black
subsequently.T

he
fraction

oflarge
droplets

atthe
end

ofthe
sim

ulation
w

hich
are

black
give

a
m

easure
ofcoalescence

induced
by

caustics.
In

Fig.
1

w
e

present
the

snapshots
of

droplet
positions

at
the

beginning
and

end
of

a
typical

sim
ulation

(see
also

m
ovie

1
in

the
Supplem

ental
M

aterial
[23]).

T
he

sim
ulation

tim
e

is
chosen

long
enough

form
ostofthe

high-velocity
particles

to
overtake

the
outerslow

-m
oving

particles
[see

Fig.1(b)],beyond
w

hich
alm

ostno
m

ore
collision

events
are

expected
to

occur.T
he

large
droplets,

w
hich

are
centrifuged

outthe
farthest(orderofm

etresin
a

fraction
ofa

second),are
invariably

black,
i.e.,caustics

droplets
w

ere
involved

in
their

creation.N
ote

thatthe
tim

e
taken

is
far

shorter
than

a
typicallifetim

e
of

vortices
of

such
circulations

in
turbulentflow

s
of

R
eynolds

num
bers

typicalof
a

cloud.T
hough

large
droplets

form
only

a
sm

allfraction
of

the
totalpopulation,a

dram
atic

change
this

causes
in

the
caustics

radius,as
show

n
below

,w
illlead

to
significantdropletgrow

th.
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FIG
.14.

C
ontours

of
vorticity

show
ing

the
tim

e
evolution

of
a

six-vortex
configuration

atR
e
!

=
1
.5

×
10

5.T
he

differentsnapshots
are

at
tim

es
(in

units
of

T
!

≈
0
.74)

t=
0
.09

(top
left),

t=
6
.42

(top
center),

t=
10

.64
(top

right),
t=

12
.75

(m
iddle

left),
t=

14
.86

(m
iddle

center),
t=

15
.71

(m
iddle

right),
t=

16
.13

(bottom
left),and

t=
16

.55
(bottom

center),and
t=

16
.89

(bottom
right).

that
appear

at
high

R
eynolds

num
ber,

w
e

discretized
the

com
putationaldom

ain
w

ith
4096

2
collocation

grid
points.W

e
find

thatthe
dynam

icsstrongly
dependson

w
hetherthe

num
ber

of
vortices

are
even

or
odd

(a
feature

not
observed

in
linear

stability).

1.
Six-vortex

m
erger,R

e
! =

1
.5×

10
5

W
e

begin
w

ith
an

even
num

ber
(six)

of
vortices

arranged,
as

before,
on

the
vertices

of
a

regular
polygon.

T
he

plot
in

Fig.
14

show
s

the
tim

e
evolution

of
the

vorticity
contours

during
the

m
ergerprocess.Initially,the

dynam
ics

proceeds
in

a
m

anner
sim

ilar
to

that
at

m
oderate

R
eynolds

num
ber.

T
he

vortices
start

to
rotate

in
the

counterclockw
ise

direction
and

try
to

form
an

annularlike
structure.T

he
annulus,how

ever,is
neverform

ed.T
he

six
vortices

undergo
an

asym
m

etric
m

erger
to

first
form

four
vortices,

w
hich

are
not

identical.
T

he
tw

o
located

diam
etrically

opposite
to

each
other,w

hich
cam

e
from

the
m

ergerevents,are
larger.T

his
is

follow
ed

by
anotherpair

of
m

ergers
to

give
tw

o
vortices,w

ith
a

lotof
fine

filam
entary

structure
in

the
neighborhood.T

hus
itis

seen
thatreducing

the
viscosity

reduces
the

propensity
to

form
an

annulus,and
other,

less
regulardynam

ics
intervenes.

2.
E

ight-vortex
m

erger,R
e
! =

2×
10

5

W
e

now
exam

ine
a

m
ultiple

of
four

(i.e.,
eight)

vortices
on

the
vertices

of
a

regular
polygon,

in
Fig.

15.
N

ow
the

first
m

erger
event

is
perfectly

sym
m

etric,w
ith

four
pairw

ise
m

ergersyielding
fouridenticalvortices.T

he
perfectsym

m
etry

of
this

case
is

preserved
through

m
ostof

the
later

dynam
ics,

w
hereas

this
is

notpossible
in

the
six-

and
nine-vortex

cases.
H

ere
the

four-vortex
structure

continues
to

decay
until,

at
a

later
stage,

these
vortices

further
m

erge
to

form
a

tripolar
vortex.
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R
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ovindarajan

P
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FIG
.8.

C
ontour-plotof

S
ij S

ij .T
he

negative
of

this
quantity,

Q̂
,is

the
O

kubo-W
eiss

param
eter,w

hich
is

proportionalto
the

divergence
ofparticle

velocity.

divergence
ofparticle

velocity
equalto

∇
·v̂

=
StQ̂

,
(8)

w
here

Q̂
is

the
O

kubo-W
eiss

param
eterin

the
rotating

fram
e.

T
he

quantity
(S

ij S
ij )is

plotted
in

Figure
8,and

seen
to

be
positive

in
the

vicinity
ofthe

attracting
fixed

point,m
aking

the
O

kubo-W
eiss

param
eter

negative;
w

e
thus

satisfy
the

necessary
condition

for
the

existence
of

attracting
fixed

points,in
a

neighborhood
w

here
fluid

particles
follow

elliptical
stream

lines.

IV.
N

A
V

IE
R

-S
TO

K
E

S
S

IM
U

LA
TIO

N
S

W
e

now
substantiate

our
results

by
studying

the
above

flow
in

a
m

ore
realistic

setting:
by

including
viscosity

and
beginning

w
ith

L
am

b-O
seen

vortices,
in

contrast
to

the
point

vortices
of

Sec.III.T
he

flow
obeys

the
tw

o-dim
ensionalN

avier-Stokes
equations

D
t ω

=
ν∇

2ω
,

∇
2ψ

=
ω

,
(9)

w
here

ω
is

the
vorticity,ν

is
the

kinem
atic

viscosity,ψ
is

the
stream

function,i.e.,u
=

(−
∂

y ψ
,∂

x ψ
),

and
D

t ≡
∂

t +
u

·
∇

is
the

m
aterial

derivative.Particles
obey

E
q.(2).W

e
use

a
square

dom
ain

w
ith

each
side

of
length

L
=

2
π

and
em

ploy
periodic

boundary
conditions.E

quations
(9),and

the
continuity

equation
are

num
erically

integrated
using

a
pseudo-spectralm

ethod.Tim
e-advancem

ent
is

done
using

an
exponential

A
dam

s-B
ashforth

schem
e.

Space
is

discretized
w

ith
N

2
collocation

grid
points.

W
e

have
verified

(not
show

n
here)

that
grid-convergence

is
achieved

by
conducting

sim
ulations

w
ith

varying
grid

resolutions
N

=
128

and
N

=
256

and
obtaining

the
sam

e
results.In

w
hatfollow

s,w
e

have
used

N
=

256
unless

stated
otherw

ise.
W

e
initialize

the
sim

ulation
w

ith
tw

o
G

aussian
vortices

positioned
at

(x
1 ,y

1 )
and

(x
2 ,y

2 ),of
vorticity

ω
1 (x

,y)=
ω

0 exp[−
(r1 /r0 ) 2]

(10)

and

ω
2 (x

,y)=
ω

0 exp[−
(r2 /r0 ) 2].

(11)

H
ere,

r0
is

the
w

idth
of

the
vortex,

ω
0

denotes
the

vortex
am

plitude,r
21

=
(x

−
x

1 ) 2+
(y

−
y

1 ) 2

and
r

22
=

(x
−

x
2 ) 2+

(y
−

y
2 ) 2,and

the
separation

betw
een

the
centers

of
the

vortices
ℓ

≡
(y

2
−

y
1 ) 2+

(x
2

−
x

1 ) 2
is

keptfixed
at

ℓ
=

0.9818
(w

e
obtain

this
value

because
w

e
choose

an
integer

num
ber

of
grid-spacings).W

e
fix

r0 =
π

/32,
ω

0 =
2

11/π
≈

652
(these

values
are

tuned
so

thatthe
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 d
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s
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r d
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r c
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p
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a
r
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a
g
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H
e
n

r
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H

o
u

g
h

-
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n

 p
u

b
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h
e
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s
s
a
y

 in
 S

c
ie

n
c
e
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n
ti-

tle
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C

lo
u

d
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h
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s
ic

s
: N

o
t a

ll q
u

e
s
tio

n
s
 

a
b

o
u

t 
n

u
c
le

a
tio

n
, 

g
r
o
w

th
, 

a
n

d
 
p

r
e
c
ip

ita
-

tio
n

 
o

f
 
w

a
te

r
 
p

a
r
tic

le
s
 
a
r
e
 
y
e
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a
n

s
w

e
r
e
d
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in
c
e
 th

e
n
, u

n
d
e
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ta
n
d
in

g
 o

f c
lo

u
d
 p

ro
-

c
e
s
s
e
s
 h

a
s
 a

d
v
a
n
c
e
d
 e

n
o
r
m

o
u
s
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e
t w

e
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f
a
c
e
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o
m

e
 o

f
 th

e
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a
s
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u

e
s
tio

n
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o
u

g
h

to
n

 

d
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w
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n
tio

n
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. T
h
e
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te
re

s
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 fi n
d
in

g
 th

e
 

a
n

s
w

e
r
s
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h
o
w

e
v

e
r, 

h
a
s
 
s
te

a
d

ily
 
in

c
r
e
a
s
e
d
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la
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e
ly

 b
e
c
a
u
s
e
 c
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u
d
s
 a

re
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a
r
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o
u
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f u

n
c
e
r
ta

in
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ro
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c
tio
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s
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tu
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 c
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a
te

 

( 2
). W

h
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u
r u

n
d
e
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ta
n
d
in

g
 o

f c
lo

u
d
 p

ro
-

c
e
s
s
e
s
 s

till s
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a
d

e
q

u
a
te

, a
n

d
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h
a
t a

r
e
 th

e
 

p
ro

s
p
e
c
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tu
re
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 d
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 d
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s
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n
d
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le
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m
b
e
d
d
e
d
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n
d
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 w

ith
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c
o
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le

x
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u
le

n
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. T

h
e
y
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re
 h

ig
h
ly

 n
o
n
-

s
ta

tio
n
a
r
y
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h
o
m

o
g
e
n
e
o
u
s
, a

n
d
 in

te
r
m

itte
n
t, 

a
n

d
 e

m
b

o
d

y
 a

n
 e

n
o

r
m

o
u

s
 r

a
n

g
e
 o

f
 s

p
a
tia

l 

a
n
d
 te

m
p
o
ra

l s
c
a
le

s
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n
g
 c

o
u
p
lin

g
s
 a

c
ro

s
s
 

th
o
s
e
 s

c
a
le

s
 b

e
tw

e
e
n
 tu

rb
u
le

n
t fl u
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 d

y
n
a
m

-
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s
 a

n
d
 m

ic
ro

p
h
y
s
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a
l p

ro
c
e
s
s
e
s
 a

re
 in

te
g

ra
l 
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 c

lo
u
d
 e

v
o
lu

tio
n
 (s

e
e
 th

e
 fi g

u
re
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u

r
b

u
le

n
c
e
 
d
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e
s
 
e
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a
in

m
e
n
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s
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-

r
in

g
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a
n

d
 
m

ix
in

g
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c
lo

u
d

s
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r
e
s
u

ltin
g

 
in

 

s
tr

o
n

g
 fl u

c
tu

a
tio

n
s
 in
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m

p
e
r
a
tu

r
e
, h

u
m

id
-

ity
, a

e
r
o

s
o

l c
o

n
c
e
n

tr
a
tio

n
, a

n
d

 c
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u
d

 p
a
r
-

tic
le

 
g

r
o
w
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a
n

d
 
d

e
c
a
y
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c
o

u
p

le
s
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p
h

a
s
e
 tr

a
n

s
itio

n
 p

r
o

c
e
s
s
e
s
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s
u

c
h
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s
 n

u
c
le
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a
tio

n
, c

o
n

d
e
n

s
a
tio

n
, a

n
d

 f
r
e
e
z
in

g
)
 a

s
 w

e
ll 

a
s
 p

a
r
tic

le
 c

o
llis

io
n

s
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n
d

 b
r
e
a
k

u
p
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c
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c
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e
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c
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a
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n
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g
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c
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n
s
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h
e
 fl u

c
tu

a
tio

n
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a
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o
 b

e
c
o

m
e
 m

o
r
e
 in
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n

s
e
 n

e
a
r
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 q
u

a
n

tu
m
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h

a
s
e
 tr

a
n

s
itio

n
. M

a
n
y

 o
f
 th

e
 s

u
p

e
r
c
o

n
d

u
c
-

to
rs

 d
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c
o
v
e
re

d
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 th
e
 p

a
s
t d

e
c
a
d
e
 a

re
 in

d
e
e
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y
e
re

d
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o
m

p
o
u
n
d
s
 c

lo
s
e
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 a
 q

u
a
n
tu

m
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h
a
s
e
 

tra
n
s
itio

n
 ( 6

,  7
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R
a
th

e
r th

a
n
 u

s
in

g
 d

ire
c
t c

h
e
m
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a
l s

y
n
th

e
-

s
is

, S
h
is

h
id

o
 e

t a
l. tu

r
n
 to

 a
 m

e
th

o
d
 u

s
e
d
 c

o
m

-

m
o
n
ly

 to
 f

a
b
ric

a
te

 s
e
m

ic
o
n
d
u
c
to

r d
e
v
ic

e
s
—

m
o
le

c
u
la

r b
e
a
m

 e
p
ita

x
y
 (M

B
E

), a
 te

c
h
n
iq

u
e
 

in
v
o
lv

in
g
 th

e
 d

ire
c
t d

e
p
o
s
itio

n
 o

f a
to

m
s
 fro

m
 

a
n

 
a
to

m
ic

 
b

e
a
m

 
o

n
to

 
a
 
s
u

b
s
tr

a
te

, 
s
lo

w
ly

 

b
u
ild

in
g
 a

n
 o

rd
e
re

d
 c

r
y
s
ta

l, la
y
e
r b

y
 la

y
e
r ( 8

, 

 9
)
. T

h
e
y

 a
p

p
ly

 th
e
 M

B
E

 m
e
th

o
d

 to
 a

 c
la

s
s
 

o
f
 s

tr
o

n
g

ly
 c

o
r
r
e
la

te
d

 m
e
ta

ls
 c

a
lle

d
 h

e
a
v

y
-

f
e
r
m

io
n

 c
o

m
p

o
u

n
d

s
, m

a
te

r
ia

ls
 th

a
t c

o
n

ta
in

 

a
r
ra

y
s
 o

f ra
re
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a
r
th
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to

m
s
 th

a
t tra

p
 e

le
c
tro

n
s
 

tig
h
tly
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s
id

e
 f o

rb
ita

ls
 w

h
e
re

 th
e
y
 e

x
p
e
rie

n
c
e
 

s
tr

o
n

g
 in

te
r
a
c
tio

n
s
 (

“
h

e
a
v

y
 f

e
r
m

io
n

”
 r

e
f
e
r
s
 

to
 th

e
 v

e
r
y
 la

rg
e
 e

ffe
c
tiv

e
 m

a
s
s
 o

f th
e
 c

h
a
rg

e
 

c
a
r
rie

rs
 in

 th
e
s
e
 m

e
ta

ls
).

S
h

is
h

id
o

 e
t a

l. s
ta

r
t w

ith
 a

 th
r
e
e
-
d

im
e
n

-

s
io

n
a
l 

h
e
a
v

y
-
f
e
r
m

io
n

 
c
o

m
p

o
u

n
d
, 

C
e
I
n

3 . 

I
n

 th
r
e
e
 d

im
e
n

s
io

n
s
, th

e
 f

 e
le

c
tr

o
n

s
 in

 th
is

 

m
a
te

r
ia

l a
r
e
 lo

c
a
liz

e
d

 a
n

d
 a

r
r
a
n

g
e
 th

e
ir

 m
a
g

-

n
e
tic

 p
r
o

p
e
r
tie

s
 to

 f
o

r
m

 a
n

 a
n

tif
e
r
r
o

m
a
g

n
e
t. 

E
a
r
lie

r
 e

x
p

e
r
im

e
n

ts
 s

h
o
w

e
d

 th
a
t u

n
d

e
r
 h

ig
h

 

p
r
e
s
s
u

r
e
 (

 4
)
, th

e
 m

a
g

n
e
tis

m
 c

o
u

ld
 b

e
 s

u
p

-

p
r
e
s
s
e
d
, d

r
iv

in
g

 th
e
 m

a
te

r
ia

l to
 a

 q
u

a
n

tu
m

 

c
r
itic

a
l p

o
in

t w
h

e
r
e
 s

u
p

e
r
c
o

n
d

u
c
tiv

ity
 d

e
v
e
l-

o
p

e
d

. L
a
y
e
r
e
d

 d
e
r
iv

a
tiv

e
s
 o

f
 th

is
 m

a
te

r
ia

l in
 

w
h

ic
h

 th
e
 m

a
g

n
e
tis

m
 w

a
s
 s

o
m

e
tim

e
s
 a

b
s
e
n

t 

a
n

d
 s

u
p

e
r
c
o

n
d

u
c
tiv

ity
 d

e
v
e
lo

p
e
d

 s
p

o
n

ta
n

e
-

o
u

s
ly

 w
e
r
e
 la

te
r
 d

is
c
o
v
e
r
e
d

 (
 6

)
. C

o
u

ld
 o

n
e
 

s
y

s
te

m
a
tic

a
lly

 r
e
p

r
o

d
u

c
e
 th

e
s
e
 e

ff
e
c
ts

 u
s
in

g
 

M
B

E
 m

e
th

o
d

s
?

B
y

 
s
u

c
c
e
s
s
f
u

lly
 
id

e
n

tif
y

in
g

 
th

e
 
c
o

n
d

i-

tio
n

s
 a

n
d

 s
u

b
s
tr

a
te

 n
e
e
d

e
d

 to
 la

y
 d

o
w

n
 la

y
-

e
r
s
 o

f
 h

e
a
v

y
-
e
le

c
tr

o
n

 m
a
te

r
ia

l, S
h

is
h

id
o

 e
t 

a
l. s

y
s
te

m
a
tic

a
lly

 lo
w

e
r
 th

e
 d

im
e
n

s
io

n
a
lity

 

o
f
 C

e
I
n

3 . T
h

e
y

 d
o

 th
is

 b
y

 in
tr

o
d

u
c
in

g
 a

lte
r-

n
a
tin

g
 la

y
e
rs

 o
f m

a
g
n
e
tic

 C
e
In

3  a
n
d
 n

o
n
m

a
g
-

n
e
tic

 
L

a
I
n

3 , 
w

h
ic

h
 
is

 
a
 
w

e
a
k

ly
 
in

te
r
a
c
tin

g
 

m
e
ta

l. T
h

e
y

 h
a
v
e
 p

r
e
p

a
r
e
d

 a
 f

a
m

ily
 o

f
 s

u
c
h

 

c
o

m
p

o
u

n
d

s
 c

o
n

ta
in

in
g

 v
a
r
ia

b
le

 th
ic

k
n

e
s
s
e
s
 

o
f
 c

e
r
iu

m
 la

y
e
r
s
. W

ith
 e

ig
h

t c
e
r
iu

m
 la

y
e
r
s
 

th
e
 m

a
te

ria
l b

e
h
a
v
e
d
 lik

e
 th

re
e
-d

im
e
n
s
io

n
a
l 

C
e
In

3 , w
ith

 a
 m

a
g
n
e
tic

 p
h
a
s
e
 tra

n
s
itio

n
, b

u
t 

a
s
 th

e
y
 re

d
u
c
e
d
 th

e
 n

u
m

b
e
r o

f c
e
riu

m
 la

y
e
rs

, 

th
e
y

 f
o

u
n

d
 th

a
t th

e
 r

e
d

u
c
e
d

 d
im

e
n

s
io

n
a
lity

 

s
u
p
p
r
e
s
s
e
d
 th

e
 te

m
p
e
r
a
tu

r
e
 o

f
 th

e
 m

a
g
n
e
tic

 

p
h

a
s
e
 tr

a
n

s
itio

n
, d

r
iv

in
g

 it to
 a

b
s
o

lu
te

 z
e
r
o

 

(
0

K
)
 b

y
 th

e
 tim

e
 th

e
y

 h
a
d

 r
e
a
c
h

e
d

 th
e
 tw

o
-

la
y
e
r s

y
s
te

m
.

T
w

o
 f

a
s
c
in

a
tin

g
 p

r
o

p
e
r
tie

s
 d

e
v
e
lo

p
e
d

 in
 

th
e
 tw

o
-
la

y
e
r
 s

y
s
te

m
, s

u
g

g
e
s
tin

g
 th

a
t it lie

s
 

r
ig

h
t 

a
t 

a
 
q

u
a
n

tu
m

 
p

h
a
s
e
 
tr

a
n

s
itio

n
. 

F
ir

s
t, 

S
h
is

h
id

o
 e

t a
l. fo

u
n
d
 th

a
t th

e
 re

s
is

ta
n
c
e
 o

f th
is

 

m
a
te

ria
l is

 v
e
r
y
 s

e
n
s
itiv

e
 to

 m
a
g
n
e
tic

 fi e
ld

s
, 

a
n

 in
d

ic
a
tio

n
 o

f
 s

c
a
tte

r
in

g
 o

f
 e

le
c
tr

o
n

s
 o

ff
 

th
e
 s

o
ft m

a
g
n
e
tic

 fl u
c
tu

a
tio

n
s
 a

ro
u
n
d
 a

 m
a
g
-

n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tr

a
n
s
itio

n
. S

e
c
o
n
d
, th

e
 

te
m

p
e
r
a
tu

r
e
 (T

)
 d

e
p

e
n

d
e
n

c
e
 o

f
 th

e
 r

e
s
is

tiv
-

ity
 c

h
a
n
g
e
d
 q

u
a
lita

tiv
e
ly

 a
s
 th

e
 d

im
e
n
s
io

n
a
l-

ity
 o

f
 th

e
 c

r
y

s
ta

l d
e
c
r
e
a
s
e
d
, s

h
if

tin
g

 f
r
o

m
 a

 

T
 2 d

e
p
e
n
d
e
n
c
e
 e

x
p
e
c
te

d
 in

 c
o
n
v
e
n
tio

n
a
l m

e
t-

a
ls

 to
 a

 lin
e
a
r d

e
p
e
n
d
e
n
c
e
 o

n
 te

m
p
e
ra

tu
re

—

b
e
h
a
v
io

r c
h
a
ra

c
te

ris
tic

 o
f in

e
la

s
tic

 s
c
a
tte

rin
g

 

o
ff s

p
in

 fl u
c
tu

a
tio

n
s
.

T
h

e
s
e
 
e
x

p
e
r
im

e
n

ts
 
a
r
e
 
a
 
m

ile
s
to

n
e
 
in

 

th
e
 a

p
p

lic
a
tio

n
 o

f
 M

B
E

 m
e
th

o
d

s
 to

 la
y
e
r
e
d

 

in
te

r
m

e
ta

llic
 m

a
te

r
ia

ls
, s

h
o
w

in
g

 th
a
t th

e
s
e
 

m
e
th

o
d

s
 
c
a
n

 
b

e
 
s
u

c
c
e
s
s
f
u

lly
 
u

s
e
d

 
to

 
tu

n
e
 

th
e
 
d

im
e
n

s
io

n
a
lity

 
a
n

d
 
in

c
r
e
a
s
e
 
th

e
 
e
le

c
-

tro
n
 in

te
ra

c
tio

n
s
 in

 th
e
s
e
 k

in
d
s
 o

f m
a
te

ria
ls

. 

A
lth

o
u

g
h

 
th

e
 
c
u

r
r
e
n

t 
e
x

p
e
r
im

e
n

ts
 
d

id
 
n

o
t 

o
b

s
e
r
v
e
 a

n
y

 e
m

e
rg

e
n

t s
u

p
e
r
c
o

n
d

u
c
tiv

ity
 a

t 

th
e
 m

a
g
n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tra

n
s
itio

n
, th

is
 

n
e
x

t m
ile

s
to

n
e
 m

a
y

 n
o

t b
e
 f

a
r
 a

w
a
y
. I

n
 th

e
 

c
u

r
r
e
n

t s
a
m

p
le

s
, th

e
 r

e
s
is

tiv
ity

 o
f
 th

e
 m

o
s
t 

tw
o

-
d

im
e
n

s
io

n
a
l s

a
m

p
le

s
 is

 la
rg

e
, a

n
 e

ff
e
c
t 

th
e
 a

u
th

o
rs

 a
ttrib

u
te

 to
 in

te
rd

iffu
s
io

n
 o

f la
n
-

th
a
n

u
m

 a
n

d
 c

e
r
iu

m
 b

e
tw

e
e
n

 la
y
e
r
s
 (

 3
)
. T

h
e
 

s
c
a
tte

rin
g
 th

is
 c

re
a
te

s
 is

 w
e
ll k

n
o
w

n
 to

 b
re

a
k

 

u
p
 th

e
 e

le
c
tro

n
 p

a
irs

 n
e
e
d
e
d
 fo

r s
u
p
e
rc

o
n
d
u
c
-

tiv
ity

. F
u
tu

re
 e

x
p
e
rim

e
n
ts

, re
p
la

c
in

g
 th

e
 la

n
-

th
a
n

u
m

 w
ith

 s
m

a
lle

r
 tr

a
n

s
itio

n
 m

e
ta

l io
n

s
, 

m
a
y
 w

e
ll b

e
 a

b
le

 to
 s

o
lv

e
 th

is
 p

ro
b
le

m
. 
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E
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a
ff

e
c
t c

lo
u

d
 d

y
n

a
m

ic
a
l p

r
o

c
e
s
s
e
s
 u

p
 to

 

th
e
 la

rg
e
s
t s

c
a
le

s
 (

 5
–

 7
)
.

T
o

 
a
 
la

r
g

e
 
e
x

te
n

t, 
u

n
d

e
r
s
ta

n
d

in
g

 
o

f
 

c
lo

u
d
s
 h

a
s
 c

o
m

e
 th

ro
u
g
h
 th

e
 s

tu
d
y
 o

f tw
o
 

p
h

e
n

o
m

e
n

a
: 

c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

a
l 

p
r
o

-

c
e
s
s
e
s
 in

 n
o

n
tu

r
b

u
le

n
t fl u

id
s
, a

n
d

 la
rg

e
-

s
c
a
le

 c
lo

u
d

 c
ir

c
u

la
tio

n
 a

n
d

 d
y

n
a
m

ic
s
. A

t 

th
e
 s

a
m

e
 tim

e
, u

n
d
e
rs

ta
n
d
in

g
 o

f th
e
 p

h
y
s
-

ic
s
 o

f fu
lly

 d
e
v
e
lo

p
e
d
 tu

rb
u
le

n
t fl o

w
s
 h

a
s
 

a
d

v
a
n

c
e
d

 r
a
p

id
ly

. F
o

r
 e

x
a
m

p
le

, s
o

p
h

is
ti-

c
a
te

d
 la

b
o
ra

to
r
y
 a

p
p
a
ra

tu
s
 n

o
w

 a
llo

w
s
 th

e
 

s
tu

d
y

 o
f
 n

u
c
le

a
tio

n
 a

n
d

 g
r
o
w

th
 o

f
 c

lo
u

d
 

p
a
r
tic

le
s
 
u

n
d

e
r
 
w

e
ll-

c
o

n
tr

o
lle

d
 
c
o

n
d

i-

tio
n

s
 (

 8
)
. C

o
m

p
u

ta
tio

n
a
l m

o
d

e
ls

 r
a
n

g
in

g
 

f
r
o

m
 th

e
 c

lo
u

d
 to

 th
e
 g

lo
b

a
l s

c
a
le

 e
lu

c
i-

d
a
te

 d
e
ta

ile
d
 in

te
ra

c
tio

n
s
 b

e
tw

e
e
n
 a

e
ro

s
o
ls

 

a
n
d
 c

lo
u
d
 d

y
n
a
m

ic
s
 ( 9

). A
n
d
 th

re
e
-d

im
e
n
-

s
io

n
a
l p

a
r
tic

le
 tra

c
k
in

g
 a

n
d
 fu

lly
 re

s
o
lv

e
d
 

tu
rb

u
le

n
c
e
 s

im
u
la

tio
n
s
 h

a
v
e
 s

u
b
s
ta

n
tia

lly
 

a
d

v
a
n

c
e
d

 o
u

r
 u

n
d

e
r
s
ta

n
d

in
g

 o
f
 tu

r
b

u
le

n
t 

tra
n
s
p
o
r
t a

n
d
 m

ix
in

g
 ( 1

0
).

T
h

e
 f

r
o

n
tie

r
 in

 c
lo

u
d

 p
h
y

s
ic

s
, a

n
d

 th
e
 

c
h

a
lle

n
g

e
 
in

 
u

n
d

e
r
s
ta

n
d

in
g

 
c
lo

u
d

 
p

r
o

-

c
e
s
s
e
s
, lie

s
 a

t th
e
 in

te
rs

e
c
tio

n
 o

f th
e
s
e
 tw

o
 

fi e
ld

s
 (

 1
1

)
. F

o
r
 e

x
a
m

p
le

, h
ig

h
-
r
e
s
o

lu
tio

n
 

m
e
a
s
u
re

m
e
n
ts

 o
f te

m
p
e
ra

tu
re

, liq
u
id

 w
a
te

r
 

c
o

n
te

n
t, 

a
e
r
o

s
o

l 
p

r
o

p
e
r
tie

s
, 

a
n

d
 
a
ir

f
lo

w
 

re
v
e
a
l f

a
s
c
in

a
tin

g
 s

m
a
ll-s

c
a
le

 c
lo

u
d
 s

tr
u
c
-

tu
re

s
, in

v
is

ib
le

 w
ith

 e
a
rlie

r te
c
h
n
o
lo

g
y
 ( 3

, 

 1
2
). L

a
b
o
ra

to
r
y
 e

x
p
e
rim

e
n
ts

 a
n
d
 n

u
m

e
ri-

c
a
l 

s
im

u
la

tio
n

s
 
a
r
e
 
p

r
o
v

id
in

g
 
d

e
ta

ile
d
 

in
f
o

r
m

a
tio

n
 
o

n
 
c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

s
 
(
 8

)
, 

tu
rb

u
le

n
t d

y
n
a
m

ic
s
 ( 1

3
), a

n
d
 in

te
ra

c
tio

n
s
 

a
n

d
 c

o
llis

io
n

s
 b

e
tw

e
e
n

 d
r
o

p
le

ts
 (

 1
4

,  1
5

)
. 

S
c
a
le

-
r
e
s
o

lv
in

g
 
s
im

u
la

tio
n

s
 
th

a
t 

m
e
rg

e
 

m
e
th

o
d

s
 
f
r
o

m
 
th

e
 
c
lo

u
d

 
a
n

d
 
tu

r
b

u
le

n
c
e
 

c
o
m

m
u
n
itie

s
 a

re
 e

lu
c
id

a
tin

g
 th

e
 w

id
e
 v

a
ri-

e
ty

 o
f c

irc
u
la

tio
n
 re

g
im

e
s
 ( 1

6
). T

h
e
s
e
 to

o
ls

 

a
llo

w
 th

e
 fu

ll c
o
m

p
le

x
ity

 o
f m

ic
ro

p
h
y
s
ic

a
l 

a
n
d
 fl u

id
-d

y
n
a
m

ic
a
l in

te
ra

c
tio

n
s
 in

 c
lo

u
d
s
 

to
 b

e
 e

x
p
lo

re
d
 (s

e
e
 th

e
 fi g

u
re

).

T
w

o
 
e
x

a
m

p
le

s
 
illu

s
tr

a
te

 
th

is
 
f
u

r
th

e
r. 

F
irs

t, c
o
m

p
u
ta

tio
n
a
l, la

b
o
ra

to
r
y
, a

n
d
 fi e

ld
 

s
tu

d
ie

s
 ( 1

7
,  1

8
) h

a
v
e
 e

x
p
lo

re
d
 tw

o
 fu

n
d
a
-

m
e
n

ta
lly

 
d

iff
e
r
e
n

t 
r
e
g

im
e
s
 
f
o

r
 
th

e
 
in

te
r-

p
la

y
 b

e
tw

e
e
n
 tu

rb
u
le

n
t m

ix
in

g
 a

n
d
 d

ro
p
le

t 

g
r
o
w

th
 
a
n

d
 
e
v
a
p

o
r
a
tio

n
. A

t 
la

rg
e
 
s
c
a
le

s
, 

m
ix

in
g
 o

c
c
u
rs

 a
t s

h
a
r
p
 fro

n
ts

 a
n
d
 fi e

ld
s
 a

re
 

in
h
o
m

o
g
e
n
e
o
u
s
, w

h
e
re

a
s
 a

t s
m

a
ll s

c
a
le

s
, 

m
ix

in
g
 is

 s
m

o
o
th

 a
n
d
 h

o
m

o
g
e
n
e
o
u
s
. T

h
e
s
e
 

r
e
g

im
e
s
 
s
tr

o
n

g
ly

 
a
ff

e
c
t 

s
p

a
tio

te
m

p
o

r
a
l 

d
ro

p
le

t g
ro

w
th

 a
n
d
 e

v
a
p
o
ra

tio
n
, w

ith
 im

p
li-

c
a
tio

n
s
 fo

r p
re

c
ip

ita
tio

n
 in

itia
tio

n
 a

n
d
 ra

d
ia

-

tiv
e
 p

ro
p
e
r
tie

s
 o

f c
lo

u
d
s
.

S
e
c
o
n
d
, re

c
e
n
t re

s
e
a
rc

h
 h

a
s
 c

h
a
n
g
e
d
 o

u
r
 

u
n
d
e
rs

ta
n
d
in

g
 o

f ra
in

 fo
r
m

a
tio

n
. R

a
in

 fo
r
m

a
-

tio
n
 h

a
s
 lo

n
g
 b

e
e
n
 a

ttrib
u
te

d
 to

 c
o
llis

io
n
s
 a

n
d
 

s
u
b
s
e
q
u
e
n
t c

o
a
le

s
c
e
n
c
e
 re

s
u
ltin

g
 fro

m
 c

lo
u
d
 

p
a
r
tic

le
s
 fa

llin
g
 a

t d
iffe

re
n
t te

r
m

in
a
l s

p
e
e
d
s
 in

 

a
 q

u
ie

s
c
e
n
t fl u

id
. T

h
is

 v
ie

w
 n

e
g
le

c
te

d
 th

e
 fa

c
t 

th
a
t c

lo
u
d
s
 a

re
 tu

rb
u
le

n
t. T

u
rb

u
le

n
c
e
 p

ro
v
id

e
s
 

a
 ra

n
d
o
m

 a
c
c
e
le

ra
tio

n
 te

r
m

 to
 c

o
m

p
e
te

 w
ith

 

th
e
 g

ra
v
ita

tio
n
a
l s

e
d
im

e
n
ta

tio
n
, re

s
u
ltin

g
 in

 

c
o
m

p
le

x
 p

a
r
tic

le
 tra

je
c
to

rie
s
 th

a
t c

ro
s
s
 fl u

id
 

s
tre

a
m

lin
e
s
 a

n
d
 le

a
d
 to

 s
p
a
tia

lly
 c

lu
s
te

re
d
 p

a
r-

tic
le

 d
is

trib
u
tio

n
s
 (s

e
e
 th

e
 fi g

u
re

). T
h
is

 p
ro

c
e
s
s
 

s
u

b
s
ta

n
tia

lly
 
e
n

h
a
n

c
e
s
 
c
o

llis
io

n
 
r
a
te

s
, 

th
u

s
 

re
d
u
c
in

g
 th

e
 tim

e
 re

q
u
ire

d
 to

 fo
r
m

 p
re

c
ip

ita
-

tio
n
 in

 c
lo

u
d
s
 ( 1

5
,  1

9
).

W
ith

 th
e
s
e
 a

d
v
a
n
c
e
s
 w

e
 c

a
n
 b

e
tte

r a
d
d
re

s
s
 

s
o
m

e
 o

f H
o
u
g
h
to

n
’s

 p
e
rs

is
te

n
t q

u
e
s
tio

n
s
 ( 1

). 

L
a
b
o
ra

to
r
y
 f

a
c
ilitie

s
 a

re
 b

e
in

g
 d

e
v
e
lo

p
e
d
 fo

r
 

s
tu

d
y

in
g

 d
r
o

p
le

t a
c
tiv

a
tio

n
, ic

e
 n

u
c
le

a
tio

n
, 

a
n
d
 c

o
n
d
e
n
s
a
tio

n
a
l g

ro
w

th
 in

 fl o
w

s
 w

ith
 re

a
l-

is
tic

 tu
rb

u
le

n
c
e
 a

n
d
 th

e
r
m

o
d
y
n
a
m

ic
s
 c

o
n
d
i-

tio
n

s
. L

a
g

r
a
n

g
ia

n
 p

a
r
tic

le
 tr

a
c
k

in
g

 c
a
n

 e
lu

-

c
id

a
te

 c
lo

u
d
 p

a
r
tic

le
 d

y
n
a
m

ic
s
 in

 th
e
 la

b
o
ra

-

to
r
y
 a

s
 w

e
ll a

s
 in

 re
a
l c

lo
u
d
s
. S

c
a
le

-re
s
o
lv

in
g
 

n
u
m

e
ric

a
l s

im
u
la

tio
n
s
 h

a
v
e
 b

e
g
u
n
 to

 c
a
p
tu

re
 

th
e
 in

te
r
p
la

y
 o

f tu
rb

u
le

n
t m

ix
in

g
 a

n
d
 n

o
n
lin

-

e
a
r
 p

h
a
s
e
 tr

a
n

s
itio

n
s
. T

h
e
 r

e
s
u

ltin
g

 in
s
ig

h
ts

 

w
ill e

n
a
b
le

 th
e
 d

e
v
e
lo

p
m

e
n
t o

f h
ie

ra
rc

h
ie

s
 o

f
 

m
o

d
e
ls

 f
o

r
 p

r
e
d

ic
tin

g
 h

o
w

 s
m

a
ll-

s
c
a
le

 p
r
o

-

c
e
s
s
e
s
 c

o
u
p
le

 to
 th

e
 la

rg
e
r s

c
a
le

s
 a

n
d
 h

o
w

 th
is

 

c
o
u
p
lin

g
 a

ffe
c
ts

 w
e
a
th

e
r a

n
d
 c

lim
a
te

.  
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. Turbulence on scales from

 hun-
dreds of m

eters to fractions of m
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eters affects 
the form

ation and dynam
ics of clouds, w

ith con-
sequences extending to the scale of w

eather and 
global clim
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, cloud condensation nuclei.
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FIG
.1.

(a)
Snapshot

of
the

initial
locations

of
the

droplets
(random

ly
distributed)

w
ith

a
m

ean
size

of
10

µ
m

and
standard

deviation
of

2
µ

m
.(b)

D
ropletpositions

at
t ′=

0
.024

s.
!

=
10

m
2/s.O

rigin
represents

the
center

of
the

vortex.
T

he
droplets

w
hich

start
their

journey
from

w
ithin

the
critical

radius
of

caustics
are

colored
green

(dark
grey),others

red
(light

grey).Subsequently
if

in
a

m
erging

event,at
least

a
caustics

dropletis
involved,the

resulting
dropletis

colored
black.T

he
size

of
the

black
droplets

is
scaled

up
for

better
visualization.

G
iven

the
low

particle
volum

e
fraction,only

binary
collisions

are
assum

ed
to

take
place.A

tthe
beginning

of
every

sim
ulation

tim
e

interval
[t,t+

"
t],all

pairs
of

droplets
(i,j)

are
checked

for
potentialcollision

by
calculating

the
tim

e
"

t (ij)=
((a

(i)+
a

(j))−
r

(ij))/v
(ij),atw

hich
they

w
ould

touch
if

they
continued

to
m

ove
in

straight
trajectories.

T
he

superscript
(ij)

denotes
a

relative
quantity

betw
een

the
ith

and
jth

droplets.If
0

<
"

t (ij)
<

"
t,the

droplets
are

deem
ed

to
collide

at
(t+

"
t (ij)).For

m
ore

details,see
R

ef.[20].H
ow

ever,notallcollisions
need

resultin
coalescence;

for
instance,if

the
droplets

do
notapproach

each
other

w
ith

sufficientkinetic
energy

to
expelthe

intervening
air

film
,they

w
illbounce

aw
ay.B

ased
on

approach
conditions

such
as

collision
angle,

relative
velocity

betw
een

the
colliding

droplets
and

the
ratio

ofdropletsizes,w
e

determ
ine

w
hether

tw
o

colliding
droplets

w
ill

bounce
or

m
erge

(see
R

ef.
[21]

for
details).

Since
cloud

droplets
are

sm
all

(a
<

100
µ

m
),the

probability
of

fragm
entation

on
collision

is
neglected

[22].B
ounce

and
coalescence

events
are

treated
as

elastic
and

inelastic
collisions,respectively,w

ith
droplets

alw
ays

rem
aining

spherical.

IV.
R

E
SU

LT
S

A
N

D
D

ISC
U

SSIO
N

For
brevity

w
e

refer
to

droplets
located

initially
w

ithin
r
c =

0
.55 √

(2
π

)
as

caustics
droplets.

W
e

color
these

droplets
green

and
other

droplets
red

[Fig.
1(a)].In

the
course

of
the

sim
ulation,

droplets
resulting

from
coalescence

events
involving

atleastone
caustics

dropletare
colored

black
and

rem
ain

black
subsequently.T

he
fraction

oflarge
droplets

atthe
end

ofthe
sim

ulation
w

hich
are

black
give

a
m

easure
ofcoalescence

induced
by

caustics.
In

Fig.
1

w
e

present
the

snapshots
of

droplet
positions

at
the

beginning
and

end
of

a
typical

sim
ulation

(see
also

m
ovie

1
in

the
Supplem

ental
M

aterial
[23]).

T
he

sim
ulation

tim
e

is
chosen

long
enough

form
ostofthe

high-velocity
particles

to
overtake

the
outerslow

-m
oving

particles
[see

Fig.1(b)],beyond
w

hich
alm

ostno
m

ore
collision

events
are

expected
to

occur.T
he

large
droplets,

w
hich

are
centrifuged

outthe
farthest(orderofm

etresin
a

fraction
ofa

second),are
invariably

black,
i.e.,caustics

droplets
w

ere
involved

in
their

creation.N
ote

thatthe
tim

e
taken

is
far

shorter
than

a
typicallifetim

e
of

vortices
of

such
circulations

in
turbulentflow

s
of

R
eynolds

num
bers

typicalof
a

cloud.T
hough

large
droplets

form
only

a
sm

allfraction
of

the
totalpopulation,a

dram
atic

change
this

causes
in

the
caustics

radius,as
show

n
below

,w
illlead

to
significantdropletgrow

th.
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FIG
.14.

C
ontours

of
vorticity

show
ing

the
tim

e
evolution

of
a

six-vortex
configuration

atR
e
!

=
1
.5

×
10

5.T
he

differentsnapshots
are

at
tim

es
(in

units
of

T
!

≈
0
.74)

t=
0
.09

(top
left),

t=
6
.42

(top
center),

t=
10

.64
(top

right),
t=

12
.75

(m
iddle

left),
t=

14
.86

(m
iddle

center),
t=

15
.71

(m
iddle

right),
t=

16
.13

(bottom
left),and

t=
16

.55
(bottom

center),and
t=

16
.89

(bottom
right).

that
appear

at
high

R
eynolds

num
ber,

w
e

discretized
the

com
putationaldom

ain
w

ith
4096

2
collocation

grid
points.W

e
find

thatthe
dynam

icsstrongly
dependson

w
hetherthe

num
ber

of
vortices

are
even

or
odd

(a
feature

not
observed

in
linear

stability).

1.
Six-vortex

m
erger,R

e
! =

1
.5×

10
5

W
e

begin
w

ith
an

even
num

ber
(six)

of
vortices

arranged,
as

before,
on

the
vertices

of
a

regular
polygon.

T
he

plot
in

Fig.
14

show
s

the
tim

e
evolution

of
the

vorticity
contours

during
the

m
ergerprocess.Initially,the

dynam
ics

proceeds
in

a
m

anner
sim

ilar
to

that
at

m
oderate

R
eynolds

num
ber.

T
he

vortices
start

to
rotate

in
the

counterclockw
ise

direction
and

try
to

form
an

annularlike
structure.T

he
annulus,how

ever,is
neverform

ed.T
he

six
vortices

undergo
an

asym
m

etric
m

erger
to

first
form

four
vortices,

w
hich

are
not

identical.
T

he
tw

o
located

diam
etrically

opposite
to

each
other,w

hich
cam

e
from

the
m

ergerevents,are
larger.T

his
is

follow
ed

by
anotherpair

of
m

ergers
to

give
tw

o
vortices,w

ith
a

lotof
fine

filam
entary

structure
in

the
neighborhood.T

hus
itis

seen
thatreducing

the
viscosity

reduces
the

propensity
to

form
an

annulus,and
other,

less
regulardynam

ics
intervenes.

2.
E

ight-vortex
m

erger,R
e
! =

2×
10

5

W
e

now
exam

ine
a

m
ultiple

of
four

(i.e.,
eight)

vortices
on

the
vertices

of
a

regular
polygon,

in
Fig.

15.
N

ow
the

first
m

erger
event

is
perfectly

sym
m

etric,w
ith

four
pairw

ise
m

ergersyielding
fouridenticalvortices.T

he
perfectsym

m
etry

of
this

case
is

preserved
through

m
ostof

the
later

dynam
ics,

w
hereas

this
is

notpossible
in

the
six-

and
nine-vortex

cases.
H

ere
the

four-vortex
structure

continues
to

decay
until,

at
a

later
stage,

these
vortices

further
m

erge
to

form
a

tripolar
vortex.
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G
ovindarajan

P
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26,013303
(2014)
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.8.

C
ontour-plotof

S
ij S

ij .T
he

negative
of

this
quantity,

Q̂
,is

the
O

kubo-W
eiss

param
eter,w

hich
is

proportionalto
the

divergence
ofparticle

velocity.

divergence
ofparticle

velocity
equalto

∇
·v̂

=
StQ̂

,
(8)

w
here

Q̂
is

the
O

kubo-W
eiss

param
eterin

the
rotating

fram
e.

T
he

quantity
(S

ij S
ij )is

plotted
in

Figure
8,and

seen
to

be
positive

in
the

vicinity
ofthe

attracting
fixed

point,m
aking

the
O

kubo-W
eiss

param
eter

negative;
w

e
thus

satisfy
the

necessary
condition

for
the

existence
of

attracting
fixed

points,in
a

neighborhood
w

here
fluid

particles
follow

elliptical
stream

lines.

IV.
N

A
V

IE
R

-S
TO

K
E

S
S

IM
U
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TIO

N
S

W
e

now
substantiate

our
results

by
studying

the
above

flow
in

a
m

ore
realistic

setting:
by

including
viscosity

and
beginning

w
ith

L
am

b-O
seen

vortices,
in

contrast
to

the
point

vortices
of

Sec.III.T
he

flow
obeys

the
tw

o-dim
ensionalN

avier-Stokes
equations

D
t ω

=
ν∇

2ω
,

∇
2ψ

=
ω

,
(9)

w
here

ω
is

the
vorticity,ν

is
the

kinem
atic

viscosity,ψ
is

the
stream

function,i.e.,u
=

(−
∂

y ψ
,∂

x ψ
),

and
D

t ≡
∂

t +
u

·
∇

is
the

m
aterial

derivative.Particles
obey

E
q.(2).W

e
use

a
square

dom
ain

w
ith

each
side

of
length

L
=

2
π

and
em

ploy
periodic

boundary
conditions.E

quations
(9),and

the
continuity

equation
are

num
erically

integrated
using

a
pseudo-spectralm

ethod.Tim
e-advancem

ent
is

done
using

an
exponential

A
dam

s-B
ashforth

schem
e.

Space
is

discretized
w

ith
N

2
collocation

grid
points.

W
e

have
verified

(not
show

n
here)

that
grid-convergence

is
achieved

by
conducting

sim
ulations

w
ith

varying
grid

resolutions
N

=
128

and
N

=
256

and
obtaining

the
sam

e
results.In

w
hatfollow

s,w
e

have
used

N
=

256
unless

stated
otherw

ise.
W

e
initialize

the
sim

ulation
w

ith
tw

o
G

aussian
vortices

positioned
at

(x
1 ,y

1 )
and

(x
2 ,y

2 ),of
vorticity

ω
1 (x

,y)=
ω

0 exp[−
(r1 /r0 ) 2]

(10)

and

ω
2 (x

,y)=
ω

0 exp[−
(r2 /r0 ) 2].

(11)

H
ere,

r0
is

the
w

idth
of

the
vortex,

ω
0

denotes
the

vortex
am

plitude,r
21

=
(x

−
x

1 ) 2+
(y

−
y

1 ) 2

and
r

22
=

(x
−

x
2 ) 2+

(y
−

y
2 ) 2,and

the
separation

betw
een

the
centers

of
the

vortices
ℓ

≡
(y

2
−

y
1 ) 2

+
(x

2
−

x
1 ) 2

is
keptfixed

at
ℓ

=
0.9818

(w
e

obtain
this

value
because

w
e

choose
an

integer
num

ber
of

grid-spacings).W
e

fix
r0 =

π
/32,

ω
0 =

2
11/π

≈
652

(these
values

are
tuned

so
thatthe
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PERSPECTIVES

        J
ust over 50 years ago, Henry Hough-

ton published an essay in Science enti-

tled “Cloud physics: Not all questions 

about nucleation, growth, and precipita-

tion of water particles are yet answered” 

( 1). Since then, understanding of cloud pro-

cesses has advanced enormously, yet we still 

face some of the basic questions Houghton 

drew attention to. The interest in fi nding the 

answers, however, has steadily increased, 

largely because clouds are a primary source 

of uncertainty in projections of future climate 

( 2). Why is our understanding of cloud pro-

cesses still so inadequate, and what are the 

prospects for the future?

Clouds are dispersions of drops and ice 

particles embedded in and interacting with a 

complex turbulent fl ow. They are highly non-

stationary, inhomogeneous, and intermittent, 

and embody an enormous range of spatial 

and temporal scales. Strong couplings across 

those scales between turbulent fl uid dynam-

ics and microphysical processes are integral 

to cloud evolution (see the fi gure).

Turbulence drives entrainment, stir-

ring, and mixing in clouds, resulting in 

strong fl uctuations in temperature, humid-

ity, aerosol concentration, and cloud par-

ticle growth and decay ( 3). It couples to 

phase transition processes (such as nucle-

ation, condensation, and freezing) as well 

as particle collisions and breakup ( 4). All 

these processes feed back on the turbu-

lent fl ow by buoyancy and drag forces and 
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transmitted by quantum mechanical fl uctua-

tions that radiate out from each particle (see 

the fi gure). In two dimensions these fl uctua-

tions decay more slowly with distance, result-

ing in stronger interactions. The fl uctuations 

also become more intense near a quantum 

phase transition. Many of the superconduc-

tors discovered in the past decade are indeed 

layered compounds close to a quantum phase 

transition ( 6,  7).

Rather than using direct chemical synthe-

sis, Shishido et al. turn to a method used com-

monly to fabricate semiconductor devices—

molecular beam epitaxy (MBE), a technique 

involving the direct deposition of atoms from 

an atomic beam onto a substrate, slowly 

building an ordered crystal, layer by layer ( 8, 

 9). They apply the MBE method to a class 

of strongly correlated metals called heavy-

fermion compounds, materials that contain 

arrays of rare earth atoms that trap electrons 

tightly inside f orbitals where they experience 

strong interactions (“heavy fermion” refers 

to the very large effective mass of the charge 

carriers in these metals).

Shishido et al. start with a three-dimen-

sional heavy-fermion compound, CeIn
3
. 

In three dimensions, the f electrons in this 

material are localized and arrange their mag-

netic properties to form an antiferromagnet. 

Earlier experiments showed that under high 

pressure ( 4), the magnetism could be sup-

pressed, driving the material to a quantum 

critical point where superconductivity devel-

oped. Layered derivatives of this material in 

which the magnetism was sometimes absent 

and superconductivity developed spontane-

ously were later discovered ( 6). Could one 

systematically reproduce these effects using 

MBE methods?

By successfully identifying the condi-

tions and substrate needed to lay down lay-

ers of heavy-electron material, Shishido et 

al. systematically lower the dimensionality 

of CeIn
3
. They do this by introducing alter-

nating layers of magnetic CeIn
3
 and nonmag-

netic LaIn
3
, which is a weakly interacting 

metal. They have prepared a family of such 

compounds containing variable thicknesses 

of cerium layers. With eight cerium layers 

the material behaved like three-dimensional 

CeIn
3
, with a magnetic phase transition, but 

as they reduced the number of cerium layers, 

they found that the reduced dimensionality 

suppressed the temperature of the magnetic 

phase transition, driving it to absolute zero 

(0K) by the time they had reached the two-

layer system.

Two fascinating properties developed in 

the two-layer system, suggesting that it lies 

right at a quantum phase transition. First, 

Shishido et al. found that the resistance of this 

material is very sensitive to magnetic fi elds, 

an indication of scattering of electrons off 

the soft magnetic fl uctuations around a mag-

netic quantum phase transition. Second, the 

temperature (T) dependence of the resistiv-

ity changed qualitatively as the dimensional-

ity of the crystal decreased, shifting from a 

T 2 dependence expected in conventional met-

als to a linear dependence on temperature—

behavior characteristic of inelastic scattering 

off spin fl uctuations.

These experiments are a milestone in 

the application of MBE methods to layered 

intermetallic materials, showing that these 

methods can be successfully used to tune 

the dimensionality and increase the elec-

tron interactions in these kinds of materials. 

Although the current experiments did not 

observe any emergent superconductivity at 

the magnetic quantum phase transition, this 

next milestone may not be far away. In the 

current samples, the resistivity of the most 

two-dimensional samples is large, an effect 

the authors attribute to interdiffusion of lan-

thanum and cerium between layers ( 3). The 

scattering this creates is well known to break 

up the electron pairs needed for superconduc-

tivity. Future experiments, replacing the lan-

thanum with smaller transition metal ions, 

may well be able to solve this problem. 
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affect cloud dynamical processes up to 

the largest scales ( 5– 7).

To a large extent, understanding of 

clouds has come through the study of two 

phenomena: cloud microphysical pro-

cesses in nonturbulent fl uids, and large-

scale cloud circulation and dynamics. At 

the same time, understanding of the phys-

ics of fully developed turbulent fl ows has 

advanced rapidly. For example, sophisti-

cated laboratory apparatus now allows the 

study of nucleation and growth of cloud 

particles under well-controlled condi-

tions ( 8). Computational models ranging 

from the cloud to the global scale eluci-

date detailed interactions between aerosols 

and cloud dynamics ( 9). And three-dimen-

sional particle tracking and fully resolved 

turbulence simulations have substantially 

advanced our understanding of turbulent 

transport and mixing ( 10).

The frontier in cloud physics, and the 

challenge in understanding cloud pro-

cesses, lies at the intersection of these two 

fi elds ( 11). For example, high-resolution 

measurements of temperature, liquid water 

content, aerosol properties, and airflow 

reveal fascinating small-scale cloud struc-

tures, invisible with earlier technology ( 3, 

 12). Laboratory experiments and numeri-

cal simulations are providing detailed 

information on cloud microphysics ( 8), 

turbulent dynamics ( 13), and interactions 

and collisions between droplets ( 14,  15). 

Scale-resolving simulations that merge 

methods from the cloud and turbulence 

communities are elucidating the wide vari-

ety of circulation regimes ( 16). These tools 

allow the full complexity of microphysical 

and fl uid-dynamical interactions in clouds 

to be explored (see the fi gure).

Two examples illustrate this further. 

First, computational, laboratory, and fi eld 

studies ( 17,  18) have explored two funda-

mentally different regimes for the inter-

play between turbulent mixing and droplet 

growth and evaporation. At large scales, 

mixing occurs at sharp fronts and fi elds are 

inhomogeneous, whereas at small scales, 

mixing is smooth and homogeneous. These 

regimes strongly affect spatiotemporal 

droplet growth and evaporation, with impli-

cations for precipitation initiation and radia-

tive properties of clouds.

Second, recent research has changed our 

understanding of rain formation. Rain forma-

tion has long been attributed to collisions and 

subsequent coalescence resulting from cloud 

particles falling at different terminal speeds in 

a quiescent fl uid. This view neglected the fact 

that clouds are turbulent. Turbulence provides 

a random acceleration term to compete with 

the gravitational sedimentation, resulting in 

complex particle trajectories that cross fl uid 

streamlines and lead to spatially clustered par-

ticle distributions (see the fi gure). This process 

substantially enhances collision rates, thus 

reducing the time required to form precipita-

tion in clouds ( 15,  19).

With these advances we can better address 

some of Houghton’s persistent questions ( 1). 

Laboratory facilities are being developed for 

studying droplet activation, ice nucleation, 

and condensational growth in fl ows with real-

istic turbulence and thermodynamics condi-

tions. Lagrangian particle tracking can elu-

cidate cloud particle dynamics in the labora-

tory as well as in real clouds. Scale-resolving 

numerical simulations have begun to capture 

the interplay of turbulent mixing and nonlin-

ear phase transitions. The resulting insights 

will enable the development of hierarchies of 

models for predicting how small-scale pro-

cesses couple to the larger scales and how this 

coupling affects weather and climate.  
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A matter of scale. Turbulence on scales from hun-
dreds of meters to fractions of millimeters affects 
the formation and dynamics of clouds, with con-
sequences extending to the scale of weather and 
global climate. CCN, cloud condensation nuclei.
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FIG. 1. (a) Snapshot of the initial locations of the droplets (randomly distributed) with a mean size of
10 µm and standard deviation of 2 µm. (b) Droplet positions at t ′ = 0.024 s. ! = 10 m2/s. Origin represents
the center of the vortex. The droplets which start their journey from within the critical radius of caustics
are colored green (dark grey), others red (light grey). Subsequently if in a merging event, at least a caustics
droplet is involved, the resulting droplet is colored black. The size of the black droplets is scaled up for better
visualization.

Given the low particle volume fraction, only binary collisions are assumed to take place. At the
beginning of every simulation time interval [t,t + "t], all pairs of droplets (i,j ) are checked for
potential collision by calculating the time "t (ij ) = ((a(i) + a(j )) − r (ij ))/v(ij ), at which they would
touch if they continued to move in straight trajectories. The superscript (ij ) denotes a relative
quantity between the ith and j th droplets. If 0 < "t (ij ) < "t , the droplets are deemed to collide at
(t + "t (ij )). For more details, see Ref. [20]. However, not all collisions need result in coalescence;
for instance, if the droplets do not approach each other with sufficient kinetic energy to expel the
intervening air film, they will bounce away. Based on approach conditions such as collision angle,
relative velocity between the colliding droplets and the ratio of droplet sizes, we determine whether
two colliding droplets will bounce or merge (see Ref. [21] for details). Since cloud droplets are
small (a < 100 µm), the probability of fragmentation on collision is neglected [22]. Bounce and
coalescence events are treated as elastic and inelastic collisions, respectively, with droplets always
remaining spherical.

IV. RESULTS AND DISCUSSION

For brevity we refer to droplets located initially within rc = 0.55
√

(2π ) as caustics droplets.
We color these droplets green and other droplets red [Fig. 1(a)]. In the course of the simulation,
droplets resulting from coalescence events involving at least one caustics droplet are colored black
and remain black subsequently. The fraction of large droplets at the end of the simulation which are
black give a measure of coalescence induced by caustics.

In Fig. 1 we present the snapshots of droplet positions at the beginning and end of a typical
simulation (see also movie 1 in the Supplemental Material [23]). The simulation time is chosen
long enough for most of the high-velocity particles to overtake the outer slow-moving particles [see
Fig. 1(b)], beyond which almost no more collision events are expected to occur. The large droplets,
which are centrifuged out the farthest (order of metres in a fraction of a second), are invariably black,
i.e., caustics droplets were involved in their creation. Note that the time taken is far shorter than a
typical lifetime of vortices of such circulations in turbulent flows of Reynolds numbers typical of a
cloud. Though large droplets form only a small fraction of the total population, a dramatic change
this causes in the caustics radius, as shown below, will lead to significant droplet growth.

024305-4
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FIG. 14. Contours of vorticity showing the time evolution of a six-vortex configuration at Re! = 1.5 × 105. The different snapshots are
at times (in units of T! ≈ 0.74) t = 0.09 (top left), t = 6.42 (top center), t = 10.64 (top right), t = 12.75 (middle left), t = 14.86 (middle
center), t = 15.71 (middle right), t = 16.13 (bottom left), and t = 16.55 (bottom center), and t = 16.89 (bottom right).

that appear at high Reynolds number, we discretized the
computational domain with 40962 collocation grid points. We
find that the dynamics strongly depends on whether the number
of vortices are even or odd (a feature not observed in linear
stability).

1. Six-vortex merger, Re! = 1.5 × 105

We begin with an even number (six) of vortices arranged,
as before, on the vertices of a regular polygon. The plot in
Fig. 14 shows the time evolution of the vorticity contours
during the merger process. Initially, the dynamics proceeds in
a manner similar to that at moderate Reynolds number. The
vortices start to rotate in the counterclockwise direction and
try to form an annularlike structure. The annulus, however, is
never formed. The six vortices undergo an asymmetric merger
to first form four vortices, which are not identical. The two
located diametrically opposite to each other, which came from

the merger events, are larger. This is followed by another pair
of mergers to give two vortices, with a lot of fine filamentary
structure in the neighborhood. Thus it is seen that reducing the
viscosity reduces the propensity to form an annulus, and other,
less regular dynamics intervenes.

2. Eight-vortex merger, Re! = 2 × 105

We now examine a multiple of four (i.e., eight) vortices
on the vertices of a regular polygon, in Fig. 15. Now the
first merger event is perfectly symmetric, with four pairwise
mergers yielding four identical vortices. The perfect symmetry
of this case is preserved through most of the later dynamics,
whereas this is not possible in the six- and nine-vortex cases.
Here the four-vortex structure continues to decay until, at a
later stage, these vortices further merge to form a tripolar
vortex.
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FIG. 8. Contour-plot of SijSij. The negative of this quantity, Q̂, is the Okubo-Weiss parameter, which is proportional to the
divergence of particle velocity.

divergence of particle velocity equal to

∇ · v̂ = St Q̂, (8)

where Q̂ is the Okubo-Weiss parameter in the rotating frame.
The quantity (SijSij) is plotted in Figure 8, and seen to be positive in the vicinity of the attracting

fixed point, making the Okubo-Weiss parameter negative; we thus satisfy the necessary condition
for the existence of attracting fixed points, in a neighborhood where fluid particles follow elliptical
streamlines.

IV. NAVIER-STOKES SIMULATIONS

We now substantiate our results by studying the above flow in a more realistic setting: by
including viscosity and beginning with Lamb-Oseen vortices, in contrast to the point vortices of
Sec. III. The flow obeys the two-dimensional Navier-Stokes equations

Dtω = ν∇2ω, ∇2ψ = ω, (9)

where ω is the vorticity, ν is the kinematic viscosity, ψ is the streamfunction, i.e., u = (−∂yψ , ∂xψ),
and Dt ≡ ∂ t + u · ∇ is the material derivative. Particles obey Eq. (2). We use a square domain
with each side of length L = 2π and employ periodic boundary conditions. Equations (9), and the
continuity equation are numerically integrated using a pseudo-spectral method. Time-advancement
is done using an exponential Adams-Bashforth scheme. Space is discretized with N2 collocation
grid points. We have verified (not shown here) that grid-convergence is achieved by conducting
simulations with varying grid resolutions N = 128 and N = 256 and obtaining the same results. In
what follows, we have used N = 256 unless stated otherwise.

We initialize the simulation with two Gaussian vortices positioned at (x1, y1) and (x2, y2), of
vorticity

ω1(x, y) = ω0 exp[−(r1/r0)2] (10)

and

ω2(x, y) = ω0 exp[−(r2/r0)2]. (11)

Here, r0 is the width of the vortex, ω0 denotes the vortex amplitude, r2
1 = (x − x1)2 + (y − y1)2

and r2
2 = (x − x2)2 + (y − y2)2, and the separation between the centers of the vortices ℓ ≡ (y2 −

y1)2 + (x2 − x1)2 is kept fixed at ℓ = 0.9818 (we obtain this value because we choose an integer
number of grid-spacings). We fix r0 = π /32, ω0 = 211/π ≈ 652 (these values are tuned so that the
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transmitted by quantum mechanical fl uctua-

tions that radiate out from each particle (see 

the fi gure). In two dimensions these fl uctua-

tions decay more slowly with distance, result-

ing in stronger interactions. The fl uctuations 

also become more intense near a quantum 

phase transition. Many of the superconduc-

tors discovered in the past decade are indeed 

layered compounds close to a quantum phase 

transition ( 6,  7).

Rather than using direct chemical synthe-

sis, Shishido et al. turn to a method used com-

monly to fabricate semiconductor devices—

molecular beam epitaxy (MBE), a technique 

involving the direct deposition of atoms from 

an atomic beam onto a substrate, slowly 

building an ordered crystal, layer by layer ( 8, 

 9). They apply the MBE method to a class 

of strongly correlated metals called heavy-

fermion compounds, materials that contain 

arrays of rare earth atoms that trap electrons 

tightly inside f orbitals where they experience 

strong interactions (“heavy fermion” refers 

to the very large effective mass of the charge 

carriers in these metals).

Shishido et al. start with a three-dimen-

sional heavy-fermion compound, CeIn
3
. 

In three dimensions, the f electrons in this 

material are localized and arrange their mag-

netic properties to form an antiferromagnet. 

Earlier experiments showed that under high 

pressure ( 4), the magnetism could be sup-

pressed, driving the material to a quantum 

critical point where superconductivity devel-

oped. Layered derivatives of this material in 

which the magnetism was sometimes absent 

and superconductivity developed spontane-

ously were later discovered ( 6). Could one 

systematically reproduce these effects using 

MBE methods?

By successfully identifying the condi-

tions and substrate needed to lay down lay-

ers of heavy-electron material, Shishido et 

al. systematically lower the dimensionality 

of CeIn
3
. They do this by introducing alter-

nating layers of magnetic CeIn
3
 and nonmag-

netic LaIn
3
, which is a weakly interacting 

metal. They have prepared a family of such 

compounds containing variable thicknesses 

of cerium layers. With eight cerium layers 

the material behaved like three-dimensional 

CeIn
3
, with a magnetic phase transition, but 

as they reduced the number of cerium layers, 

they found that the reduced dimensionality 

suppressed the temperature of the magnetic 

phase transition, driving it to absolute zero 

(0K) by the time they had reached the two-

layer system.

Two fascinating properties developed in 

the two-layer system, suggesting that it lies 

right at a quantum phase transition. First, 

Shishido et al. found that the resistance of this 

material is very sensitive to magnetic fi elds, 

an indication of scattering of electrons off 

the soft magnetic fl uctuations around a mag-

netic quantum phase transition. Second, the 

temperature (T) dependence of the resistiv-

ity changed qualitatively as the dimensional-

ity of the crystal decreased, shifting from a 

T 2 dependence expected in conventional met-

als to a linear dependence on temperature—

behavior characteristic of inelastic scattering 

off spin fl uctuations.

These experiments are a milestone in 

the application of MBE methods to layered 

intermetallic materials, showing that these 

methods can be successfully used to tune 

the dimensionality and increase the elec-

tron interactions in these kinds of materials. 

Although the current experiments did not 

observe any emergent superconductivity at 

the magnetic quantum phase transition, this 

next milestone may not be far away. In the 

current samples, the resistivity of the most 

two-dimensional samples is large, an effect 

the authors attribute to interdiffusion of lan-

thanum and cerium between layers ( 3). The 

scattering this creates is well known to break 

up the electron pairs needed for superconduc-

tivity. Future experiments, replacing the lan-

thanum with smaller transition metal ions, 

may well be able to solve this problem. 
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h

t c
e
r
iu

m
 la

y
e
r
s
 

th
e
 m

a
te

ria
l b

e
h
a
v
e
d
 lik

e
 th

re
e
-d

im
e
n
s
io

n
a
l 

C
e
In

3 , w
ith

 a
 m

a
g
n
e
tic

 p
h
a
s
e
 tra

n
s
itio

n
, b

u
t 

a
s
 th

e
y
 re

d
u
c
e
d
 th

e
 n

u
m

b
e
r o

f c
e
riu

m
 la

y
e
rs

, 

th
e
y

 f
o

u
n

d
 th

a
t th

e
 r

e
d

u
c
e
d

 d
im

e
n

s
io

n
a
lity

 

s
u
p
p
r
e
s
s
e
d
 th

e
 te

m
p
e
r
a
tu

r
e
 o

f
 th

e
 m

a
g
n
e
tic

 

p
h

a
s
e
 tr

a
n

s
itio

n
, d

r
iv

in
g

 it to
 a

b
s
o

lu
te

 z
e
r
o
 

(
0

K
)
 b

y
 th

e
 tim

e
 th

e
y

 h
a
d

 r
e
a
c
h

e
d

 th
e
 tw

o
-

la
y
e
r s

y
s
te

m
.

T
w

o
 f

a
s
c
in

a
tin

g
 p

r
o

p
e
r
tie

s
 d

e
v
e
lo

p
e
d

 in
 

th
e
 tw

o
-
la

y
e
r
 s

y
s
te

m
, s

u
g

g
e
s
tin

g
 th

a
t it lie

s
 

r
ig

h
t 

a
t 

a
 
q

u
a
n

tu
m

 
p

h
a
s
e
 
tr

a
n

s
itio

n
. 

F
ir

s
t, 

S
h
is

h
id

o
 e

t a
l. fo

u
n
d
 th

a
t th

e
 re

s
is

ta
n
c
e
 o

f th
is

 

m
a
te

ria
l is

 v
e
r
y
 s

e
n
s
itiv

e
 to

 m
a
g
n
e
tic

 fi e
ld

s
, 

a
n

 in
d

ic
a
tio

n
 o

f
 s

c
a
tte

r
in

g
 o

f
 e

le
c
tr

o
n

s
 o

ff
 

th
e
 s

o
ft m

a
g
n
e
tic

 fl u
c
tu

a
tio

n
s
 a

ro
u
n
d
 a

 m
a
g
-

n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tr

a
n
s
itio

n
. S

e
c
o
n
d
, th

e
 

te
m

p
e
r
a
tu

r
e
 (T

)
 d

e
p

e
n

d
e
n

c
e
 o

f
 th

e
 r

e
s
is

tiv
-

ity
 c

h
a
n
g
e
d
 q

u
a
lita

tiv
e
ly

 a
s
 th

e
 d

im
e
n
s
io

n
a
l-

ity
 o

f
 th

e
 c

r
y

s
ta

l d
e
c
r
e
a
s
e
d
, s

h
if

tin
g

 f
r
o

m
 a

 

T
 2 d

e
p
e
n
d
e
n
c
e
 e

x
p
e
c
te

d
 in

 c
o
n
v
e
n
tio

n
a
l m

e
t-

a
ls

 to
 a

 lin
e
a
r d

e
p
e
n
d
e
n
c
e
 o

n
 te

m
p
e
ra

tu
re

—

b
e
h
a
v
io

r c
h
a
ra

c
te

ris
tic

 o
f in

e
la

s
tic

 s
c
a
tte

rin
g
 

o
ff s

p
in

 fl u
c
tu

a
tio

n
s
.

T
h

e
s
e
 
e
x

p
e
r
im

e
n

ts
 
a
r
e
 
a
 
m

ile
s
to

n
e
 
in

 

th
e
 a

p
p

lic
a
tio

n
 o

f
 M

B
E

 m
e
th

o
d

s
 to

 la
y
e
r
e
d
 

in
te

r
m

e
ta

llic
 m

a
te

r
ia

ls
, s

h
o
w

in
g

 th
a
t th

e
s
e
 

m
e
th

o
d

s
 
c
a
n

 
b

e
 
s
u

c
c
e
s
s
f
u

lly
 
u

s
e
d

 
to

 
tu

n
e
 

th
e
 
d

im
e
n

s
io

n
a
lity

 
a
n

d
 
in

c
r
e
a
s
e
 
th

e
 
e
le

c
-

tro
n
 in

te
ra

c
tio

n
s
 in

 th
e
s
e
 k

in
d
s
 o

f m
a
te

ria
ls

. 

A
lth

o
u

g
h

 
th

e
 
c
u

r
r
e
n

t 
e
x

p
e
r
im

e
n

ts
 
d

id
 
n

o
t 

o
b

s
e
r
v
e
 a

n
y

 e
m

e
rg

e
n

t s
u

p
e
r
c
o

n
d

u
c
tiv

ity
 a

t 

th
e
 m

a
g
n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tra

n
s
itio

n
, th

is
 

n
e
x

t m
ile

s
to

n
e
 m

a
y

 n
o

t b
e
 f

a
r
 a

w
a
y
. I

n
 th

e
 

c
u

r
r
e
n

t s
a
m

p
le

s
, th

e
 r

e
s
is

tiv
ity

 o
f
 th

e
 m

o
s
t 

tw
o

-
d

im
e
n

s
io

n
a
l s

a
m

p
le

s
 is

 la
rg

e
, a

n
 e

ff
e
c
t 

th
e
 a

u
th

o
rs

 a
ttrib

u
te

 to
 in

te
rd

iffu
s
io

n
 o

f la
n
-

th
a
n

u
m

 a
n

d
 c

e
r
iu

m
 b

e
tw

e
e
n

 la
y
e
r
s
 (

 3
)
. T

h
e
 

s
c
a
tte

rin
g
 th

is
 c

re
a
te

s
 is

 w
e
ll k

n
o
w

n
 to

 b
re

a
k
 

u
p
 th

e
 e

le
c
tro

n
 p

a
irs

 n
e
e
d
e
d
 fo

r s
u
p
e
rc

o
n
d
u
c
-

tiv
ity

. F
u
tu

re
 e

x
p
e
rim

e
n
ts

, re
p
la

c
in

g
 th

e
 la

n
-

th
a
n

u
m

 w
ith

 s
m

a
lle

r
 tr

a
n

s
itio

n
 m

e
ta

l io
n

s
, 

m
a
y
 w

e
ll b

e
 a

b
le

 to
 s

o
lv

e
 th

is
 p

ro
b
le

m
. 
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C
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C
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O
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2
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9

 F
E

B
R

U
A

R
Y

 2
0

1
0

9
7

1

P
E

R
S

P
E

C
T

IV
E

S

a
ff

e
c
t c

lo
u

d
 d

y
n

a
m

ic
a
l p

r
o

c
e
s
s
e
s
 u

p
 to

 

th
e
 la

rg
e
s
t s

c
a
le

s
 (

 5
–

 7
)
.

T
o

 
a
 
la

r
g

e
 
e
x

te
n

t, 
u

n
d

e
r
s
ta

n
d

in
g

 
o

f
 

c
lo

u
d
s
 h

a
s
 c

o
m

e
 th

ro
u
g
h
 th

e
 s

tu
d
y
 o

f tw
o
 

p
h

e
n

o
m

e
n

a
: 

c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

a
l 

p
r
o

-

c
e
s
s
e
s
 in

 n
o

n
tu

r
b

u
le

n
t fl u

id
s
, a

n
d

 la
rg

e
-

s
c
a
le

 c
lo

u
d

 c
ir

c
u

la
tio

n
 a

n
d

 d
y

n
a
m

ic
s
. A

t 

th
e
 s

a
m

e
 tim

e
, u

n
d
e
rs

ta
n
d
in

g
 o

f th
e
 p

h
y
s
-

ic
s
 o

f fu
lly

 d
e
v
e
lo

p
e
d
 tu

rb
u
le

n
t fl o

w
s
 h

a
s
 

a
d

v
a
n

c
e
d

 r
a
p

id
ly

. F
o

r
 e

x
a
m

p
le

, s
o

p
h

is
ti-

c
a
te

d
 la

b
o
ra

to
r
y
 a

p
p
a
ra

tu
s
 n

o
w

 a
llo

w
s
 th

e
 

s
tu

d
y

 o
f
 n

u
c
le

a
tio

n
 a

n
d

 g
r
o
w

th
 o

f
 c

lo
u

d
 

p
a
r
tic

le
s
 
u

n
d

e
r
 
w

e
ll-

c
o

n
tr

o
lle

d
 
c
o

n
d

i-

tio
n

s
 (

 8
)
. C

o
m

p
u

ta
tio

n
a
l m

o
d

e
ls

 r
a
n

g
in

g
 

f
r
o

m
 th

e
 c

lo
u

d
 to

 th
e
 g

lo
b

a
l s

c
a
le

 e
lu

c
i-

d
a
te

 d
e
ta

ile
d
 in

te
ra

c
tio

n
s
 b

e
tw

e
e
n
 a

e
ro

s
o
ls

 

a
n
d
 c

lo
u
d
 d

y
n
a
m

ic
s
 ( 9

). A
n
d
 th

re
e
-d

im
e
n
-

s
io

n
a
l p

a
r
tic

le
 tra

c
k
in

g
 a

n
d
 fu

lly
 re

s
o
lv

e
d
 

tu
rb

u
le

n
c
e
 s

im
u
la

tio
n
s
 h

a
v
e
 s

u
b
s
ta

n
tia

lly
 

a
d

v
a
n

c
e
d

 o
u

r
 u

n
d

e
r
s
ta

n
d

in
g

 o
f
 tu

r
b

u
le

n
t 

tra
n
s
p
o
r
t a

n
d
 m

ix
in

g
 ( 1

0
).

T
h

e
 f

r
o

n
tie

r
 in

 c
lo

u
d

 p
h
y

s
ic

s
, a

n
d

 th
e
 

c
h

a
lle

n
g

e
 
in

 
u

n
d

e
r
s
ta

n
d

in
g

 
c
lo

u
d

 
p

r
o

-

c
e
s
s
e
s
, lie

s
 a

t th
e
 in

te
rs

e
c
tio

n
 o

f th
e
s
e
 tw

o
 

fi e
ld

s
 (

 1
1

)
. F

o
r
 e

x
a
m

p
le

, h
ig

h
-
r
e
s
o

lu
tio

n
 

m
e
a
s
u
re

m
e
n
ts

 o
f te

m
p
e
ra

tu
re

, liq
u
id

 w
a
te

r
 

c
o

n
te

n
t, 

a
e
r
o

s
o

l 
p

r
o

p
e
r
tie

s
, 

a
n

d
 
a
ir

f
lo

w
 

re
v
e
a
l f

a
s
c
in

a
tin

g
 s

m
a
ll-s

c
a
le

 c
lo

u
d
 s

tr
u
c
-

tu
re

s
, in

v
is

ib
le

 w
ith

 e
a
rlie

r te
c
h
n
o
lo

g
y
 ( 3

, 

 1
2
). L

a
b
o
ra

to
r
y
 e

x
p
e
rim

e
n
ts

 a
n
d
 n

u
m

e
ri-

c
a
l 

s
im

u
la

tio
n

s
 
a
r
e
 
p

r
o
v

id
in

g
 
d

e
ta

ile
d
 

in
f
o

r
m

a
tio

n
 
o

n
 
c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

s
 
(
 8

)
, 

tu
rb

u
le

n
t d

y
n
a
m

ic
s
 ( 1

3
), a

n
d
 in

te
ra

c
tio

n
s
 

a
n

d
 c

o
llis

io
n

s
 b

e
tw

e
e
n

 d
r
o

p
le

ts
 (

 1
4

,  1
5

)
. 

S
c
a
le

-
r
e
s
o

lv
in

g
 
s
im

u
la

tio
n

s
 
th

a
t 

m
e
rg

e
 

m
e
th

o
d

s
 
f
r
o

m
 
th

e
 
c
lo

u
d

 
a
n

d
 
tu

r
b

u
le

n
c
e
 

c
o
m

m
u
n
itie

s
 a

re
 e

lu
c
id

a
tin

g
 th

e
 w

id
e
 v

a
ri-

e
ty

 o
f c

irc
u
la

tio
n
 re

g
im

e
s
 ( 1

6
). T

h
e
s
e
 to

o
ls

 

a
llo

w
 th

e
 fu

ll c
o
m

p
le

x
ity

 o
f m

ic
ro

p
h
y
s
ic

a
l 

a
n
d
 fl u

id
-d

y
n
a
m

ic
a
l in

te
ra

c
tio

n
s
 in

 c
lo

u
d
s
 

to
 b

e
 e

x
p
lo

re
d
 (s

e
e
 th

e
 fi g

u
re

).

T
w

o
 
e
x

a
m

p
le

s
 
illu

s
tr

a
te

 
th

is
 
f
u

r
th

e
r. 

F
irs

t, c
o
m

p
u
ta

tio
n
a
l, la

b
o
ra

to
r
y
, a

n
d
 fi e

ld
 

s
tu

d
ie

s
 ( 1

7
,  1

8
) h

a
v
e
 e

x
p
lo

re
d
 tw

o
 fu

n
d
a
-

m
e
n

ta
lly

 
d

iff
e
r
e
n

t 
r
e
g

im
e
s
 
f
o

r
 
th

e
 
in

te
r-

p
la

y
 b

e
tw

e
e
n
 tu

rb
u
le

n
t m

ix
in

g
 a

n
d
 d

ro
p
le

t 

g
r
o
w

th
 
a
n

d
 
e
v
a
p

o
r
a
tio

n
. A

t 
la

rg
e
 
s
c
a
le

s
, 

m
ix

in
g
 o

c
c
u
rs

 a
t s

h
a
r
p
 fro

n
ts

 a
n
d
 fi e

ld
s
 a

re
 

in
h
o
m

o
g
e
n
e
o
u
s
, w

h
e
re

a
s
 a

t s
m

a
ll s

c
a
le

s
, 

m
ix

in
g
 is

 s
m

o
o
th

 a
n
d
 h

o
m

o
g
e
n
e
o
u
s
. T

h
e
s
e
 

r
e
g

im
e
s
 
s
tr

o
n

g
ly

 
a
ff

e
c
t 

s
p

a
tio

te
m

p
o

r
a
l 

d
ro

p
le

t g
ro

w
th

 a
n
d
 e

v
a
p
o
ra

tio
n
, w

ith
 im

p
li-

c
a
tio

n
s
 fo

r p
re

c
ip

ita
tio

n
 in

itia
tio

n
 a

n
d
 ra

d
ia

-

tiv
e
 p

ro
p
e
r
tie

s
 o

f c
lo

u
d
s
.

S
e
c
o
n
d
, re

c
e
n
t re

s
e
a
rc

h
 h

a
s
 c

h
a
n
g
e
d
 o

u
r
 

u
n
d
e
rs

ta
n
d
in

g
 o

f ra
in

 fo
r
m

a
tio

n
. R

a
in

 fo
r
m

a
-

tio
n
 h

a
s
 lo

n
g
 b

e
e
n
 a

ttrib
u
te

d
 to

 c
o
llis

io
n
s
 a

n
d
 

s
u
b
s
e
q
u
e
n
t c

o
a
le

s
c
e
n
c
e
 re

s
u
ltin

g
 fro

m
 c

lo
u
d
 

p
a
r
tic

le
s
 fa

llin
g
 a

t d
iffe

re
n
t te

r
m

in
a
l s

p
e
e
d
s
 in

 

a
 q

u
ie

s
c
e
n
t fl u

id
. T

h
is

 v
ie

w
 n

e
g
le

c
te

d
 th

e
 fa

c
t 

th
a
t c

lo
u
d
s
 a

re
 tu

rb
u
le

n
t. T

u
rb

u
le

n
c
e
 p

ro
v
id

e
s
 

a
 ra

n
d
o
m

 a
c
c
e
le

ra
tio

n
 te

r
m

 to
 c

o
m

p
e
te

 w
ith

 

th
e
 g

ra
v
ita

tio
n
a
l s

e
d
im

e
n
ta

tio
n
, re

s
u
ltin

g
 in

 

c
o
m

p
le

x
 p

a
r
tic

le
 tra

je
c
to

rie
s
 th

a
t c

ro
s
s
 fl u

id
 

s
tre

a
m

lin
e
s
 a

n
d
 le

a
d
 to

 s
p
a
tia

lly
 c

lu
s
te

re
d
 p

a
r-

tic
le

 d
is

trib
u
tio

n
s
 (s

e
e
 th

e
 fi g

u
re

). T
h
is

 p
ro

c
e
s
s
 

s
u

b
s
ta

n
tia

lly
 
e
n

h
a
n

c
e
s
 
c
o

llis
io

n
 
r
a
te

s
, 

th
u

s
 

re
d
u
c
in

g
 th

e
 tim

e
 re

q
u
ire

d
 to

 fo
r
m

 p
re

c
ip

ita
-

tio
n
 in

 c
lo

u
d
s
 ( 1

5
,  1

9
).

W
ith

 th
e
s
e
 a

d
v
a
n
c
e
s
 w

e
 c

a
n
 b

e
tte

r a
d
d
re

s
s
 

s
o
m

e
 o

f H
o
u
g
h
to

n
’s

 p
e
rs

is
te

n
t q

u
e
s
tio

n
s
 ( 1

). 

L
a
b
o
ra

to
r
y
 f

a
c
ilitie

s
 a

re
 b

e
in

g
 d

e
v
e
lo

p
e
d
 fo

r
 

s
tu

d
y

in
g

 d
r
o

p
le

t a
c
tiv

a
tio

n
, ic
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f sca

le
. Turbulence on scales from

 hun-
dreds of m

eters to fractions of m
illim

eters affects 
the form

ation and dynam
ics of clouds, w

ith con-
sequences extending to the scale of w

eather and 
global clim

ate. CCN
, cloud condensation nuclei.
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FIG
.1.

(a)
Snapshot

of
the

initial
locations

of
the

droplets
(random

ly
distributed)

w
ith

a
m

ean
size

of
10

µ
m

and
standard

deviation
of

2
µ

m
.(b)

D
ropletpositions

at
t ′=

0
.024

s.
!

=
10

m
2/s.O

rigin
represents

the
center

of
the

vortex.
T

he
droplets

w
hich

start
their

journey
from

w
ithin

the
critical

radius
of

caustics
are

colored
green

(dark
grey),others

red
(light

grey).Subsequently
if

in
a

m
erging

event,at
least

a
caustics

dropletis
involved,the

resulting
dropletis

colored
black.T

he
size

of
the

black
droplets

is
scaled

up
for

better
visualization.

G
iven

the
low

particle
volum

e
fraction,only

binary
collisions

are
assum

ed
to

take
place.A

tthe
beginning

of
every

sim
ulation

tim
e

interval
[t,t+

"
t],all

pairs
of

droplets
(i,j)

are
checked

for
potentialcollision

by
calculating

the
tim

e
"

t (ij)=
((a

(i)+
a

(j))−
r

(ij))/v
(ij),atw

hich
they

w
ould

touch
if

they
continued

to
m

ove
in

straight
trajectories.

T
he

superscript
(ij)

denotes
a

relative
quantity

betw
een

the
ith

and
jth

droplets.If
0

<
"

t (ij)
<

"
t,the

droplets
are

deem
ed

to
collide

at
(t+

"
t (ij)).For

m
ore

details,see
R

ef.[20].H
ow

ever,notallcollisions
need

resultin
coalescence;

for
instance,if

the
droplets

do
notapproach

each
other

w
ith

sufficientkinetic
energy

to
expelthe

intervening
air

film
,they

w
illbounce

aw
ay.B

ased
on

approach
conditions

such
as

collision
angle,

relative
velocity

betw
een

the
colliding

droplets
and

the
ratio

ofdropletsizes,w
e

determ
ine

w
hether

tw
o

colliding
droplets

w
ill

bounce
or

m
erge

(see
R

ef.
[21]

for
details).

Since
cloud

droplets
are

sm
all

(a
<

100
µ

m
),the

probability
of

fragm
entation

on
collision

is
neglected

[22].B
ounce

and
coalescence

events
are

treated
as

elastic
and

inelastic
collisions,respectively,w

ith
droplets

alw
ays

rem
aining

spherical.

IV.
R

E
SU

LT
S

A
N

D
D

ISC
U

SSIO
N

For
brevity

w
e

refer
to

droplets
located

initially
w

ithin
r
c =

0
.55 √

(2
π

)
as

caustics
droplets.

W
e

color
these

droplets
green

and
other

droplets
red

[Fig.
1(a)].In

the
course

of
the

sim
ulation,

droplets
resulting

from
coalescence

events
involving

atleastone
caustics

dropletare
colored

black
and

rem
ain

black
subsequently.T

he
fraction

oflarge
droplets

atthe
end

ofthe
sim

ulation
w

hich
are

black
give

a
m

easure
ofcoalescence

induced
by

caustics.
In

Fig.
1

w
e

present
the

snapshots
of

droplet
positions

at
the

beginning
and

end
of

a
typical

sim
ulation

(see
also

m
ovie

1
in

the
Supplem

ental
M

aterial
[23]).

T
he

sim
ulation

tim
e

is
chosen

long
enough

form
ostofthe

high-velocity
particles

to
overtake

the
outerslow

-m
oving

particles
[see

Fig.1(b)],beyond
w

hich
alm

ostno
m

ore
collision

events
are

expected
to

occur.T
he

large
droplets,

w
hich

are
centrifuged

outthe
farthest(orderofm

etresin
a

fraction
ofa

second),are
invariably

black,
i.e.,caustics

droplets
w

ere
involved

in
their

creation.N
ote

thatthe
tim

e
taken

is
far

shorter
than

a
typicallifetim

e
of

vortices
of

such
circulations

in
turbulentflow

s
of

R
eynolds

num
bers

typicalof
a

cloud.T
hough

large
droplets

form
only

a
sm

allfraction
of

the
totalpopulation,a

dram
atic

change
this

causes
in

the
caustics

radius,as
show

n
below

,w
illlead

to
significantdropletgrow

th.
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FIG
.14.

C
ontours

of
vorticity

show
ing

the
tim

e
evolution

of
a

six-vortex
configuration

atR
e
!

=
1
.5

×
10

5.T
he

differentsnapshots
are

at
tim

es
(in

units
of

T
!

≈
0
.74)

t=
0
.09

(top
left),

t=
6
.42

(top
center),

t=
10

.64
(top

right),
t=

12
.75

(m
iddle

left),
t=

14
.86

(m
iddle

center),
t=

15
.71

(m
iddle

right),
t=

16
.13

(bottom
left),and

t=
16

.55
(bottom

center),and
t=

16
.89

(bottom
right).

that
appear

at
high

R
eynolds

num
ber,

w
e

discretized
the

com
putationaldom

ain
w

ith
4096

2
collocation

grid
points.W

e
find

thatthe
dynam

icsstrongly
dependson

w
hetherthe

num
ber

of
vortices

are
even

or
odd

(a
feature

not
observed

in
linear

stability).

1.
Six-vortex

m
erger,R

e
! =

1
.5×

10
5

W
e

begin
w

ith
an

even
num

ber
(six)

of
vortices

arranged,
as

before,
on

the
vertices

of
a

regular
polygon.

T
he

plot
in

Fig.
14

show
s

the
tim

e
evolution

of
the

vorticity
contours

during
the

m
ergerprocess.Initially,the

dynam
ics

proceeds
in

a
m

anner
sim

ilar
to

that
at

m
oderate

R
eynolds

num
ber.

T
he

vortices
start

to
rotate

in
the

counterclockw
ise

direction
and

try
to

form
an

annularlike
structure.T

he
annulus,how

ever,is
neverform

ed.T
he

six
vortices

undergo
an

asym
m

etric
m

erger
to

first
form

four
vortices,

w
hich

are
not

identical.
T

he
tw

o
located

diam
etrically

opposite
to

each
other,w

hich
cam

e
from

the
m

ergerevents,are
larger.T

his
is

follow
ed

by
anotherpair

of
m

ergers
to

give
tw

o
vortices,w

ith
a

lotof
fine

filam
entary

structure
in

the
neighborhood.T

hus
itis

seen
thatreducing

the
viscosity

reduces
the

propensity
to

form
an

annulus,and
other,

less
regulardynam

ics
intervenes.

2.
E

ight-vortex
m

erger,R
e
! =

2×
10

5

W
e

now
exam

ine
a

m
ultiple

of
four

(i.e.,
eight)

vortices
on

the
vertices

of
a

regular
polygon,

in
Fig.

15.
N

ow
the

first
m

erger
event

is
perfectly

sym
m

etric,w
ith

four
pairw

ise
m

ergersyielding
fouridenticalvortices.T

he
perfectsym

m
etry

of
this

case
is

preserved
through

m
ostof

the
later

dynam
ics,

w
hereas

this
is

notpossible
in

the
six-

and
nine-vortex

cases.
H

ere
the

four-vortex
structure

continues
to

decay
until,

at
a

later
stage,

these
vortices

further
m

erge
to

form
a

tripolar
vortex.

013105-9

013303-8
R

avichandran,P
erlekar,and

G
ovindarajan

P
hys.Fluids

26,013303
(2014)
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FIG
.8.

C
ontour-plotof

S
ij S

ij .T
he

negative
of

this
quantity,

Q̂
,is

the
O

kubo-W
eiss

param
eter,w

hich
is

proportionalto
the

divergence
ofparticle

velocity.

divergence
ofparticle

velocity
equalto

∇
·v̂

=
StQ̂

,
(8)

w
here

Q̂
is

the
O

kubo-W
eiss

param
eterin

the
rotating

fram
e.

T
he

quantity
(S

ij S
ij )is

plotted
in

Figure
8,and

seen
to

be
positive

in
the

vicinity
ofthe

attracting
fixed

point,m
aking

the
O

kubo-W
eiss

param
eter

negative;
w

e
thus

satisfy
the

necessary
condition

for
the

existence
of

attracting
fixed

points,in
a

neighborhood
w

here
fluid

particles
follow

elliptical
stream

lines.

IV.
N

A
V

IE
R

-S
TO

K
E

S
S

IM
U

LA
TIO

N
S

W
e

now
substantiate

our
results

by
studying

the
above

flow
in

a
m

ore
realistic

setting:
by

including
viscosity

and
beginning

w
ith

L
am

b-O
seen

vortices,
in

contrast
to

the
point

vortices
of

Sec.III.T
he

flow
obeys

the
tw

o-dim
ensionalN

avier-Stokes
equations

D
t ω

=
ν∇

2ω
,

∇
2ψ

=
ω

,
(9)

w
here

ω
is

the
vorticity,ν

is
the

kinem
atic

viscosity,ψ
is

the
stream

function,i.e.,u
=

(−
∂

y ψ
,∂

x ψ
),

and
D

t ≡
∂

t +
u

·
∇

is
the

m
aterial

derivative.Particles
obey

E
q.(2).W

e
use

a
square

dom
ain

w
ith

each
side

of
length

L
=

2
π

and
em

ploy
periodic

boundary
conditions.E

quations
(9),and

the
continuity

equation
are

num
erically

integrated
using

a
pseudo-spectralm

ethod.Tim
e-advancem

ent
is

done
using

an
exponential

A
dam

s-B
ashforth

schem
e.

Space
is

discretized
w

ith
N

2
collocation

grid
points.

W
e

have
verified

(not
show

n
here)

that
grid-convergence

is
achieved

by
conducting

sim
ulations

w
ith

varying
grid

resolutions
N

=
128

and
N

=
256

and
obtaining

the
sam

e
results.In

w
hatfollow

s,w
e

have
used

N
=

256
unless

stated
otherw

ise.
W

e
initialize

the
sim

ulation
w

ith
tw

o
G

aussian
vortices

positioned
at

(x
1 ,y

1 )
and

(x
2 ,y

2 ),of
vorticity

ω
1 (x

,y)=
ω

0 exp[−
(r1 /r0 ) 2]

(10)

and

ω
2 (x

,y)=
ω

0 exp[−
(r2 /r0 ) 2].

(11)

H
ere,

r0
is

the
w

idth
of

the
vortex,

ω
0

denotes
the

vortex
am

plitude,r
21

=
(x

−
x

1 ) 2+
(y

−
y

1 ) 2

and
r

22
=

(x
−

x
2 ) 2+

(y
−

y
2 ) 2,and

the
separation

betw
een

the
centers

of
the

vortices
ℓ

≡
(y

2
−

y
1 ) 2+

(x
2

−
x

1 ) 2
is

keptfixed
at

ℓ
=

0.9818
(w

e
obtain

this
value

because
w

e
choose

an
integer

num
ber

of
grid-spacings).W

e
fix

r0 =
π

/32,
ω

0 =
2

11/π
≈

652
(these

values
are

tuned
so

thatthe
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n
c
e
 e

n
ti-

tle
d

 “
C

lo
u

d
 p

h
y

s
ic

s
: N

o
t a

ll q
u

e
s
tio

n
s
 

a
b

o
u

t 
n

u
c
le

a
tio

n
, 

g
r
o
w

th
, 

a
n

d
 
p

r
e
c
ip

ita
-

tio
n

 
o

f
 
w

a
te

r
 
p

a
r
tic

le
s
 
a
r
e
 
y
e
t 

a
n

s
w

e
r
e
d

”
 

(
 1
)
. S

in
c
e
 th

e
n
, u

n
d
e
r
s
ta

n
d
in

g
 o

f
 c

lo
u
d
 p

r
o
-

c
e
s
s
e
s
 h

a
s
 a

d
v
a
n
c
e
d
 e

n
o
r
m

o
u
s
ly

, y
e
t w

e
 s

till 

f
a
c
e
 s

o
m

e
 o

f
 th

e
 b

a
s
ic

 q
u

e
s
tio

n
s
 H

o
u

g
h

to
n

 

d
r
e
w

 a
tte

n
tio

n
 to

. T
h
e
 in

te
r
e
s
t in

 fi n
d
in

g
 th

e
 

a
n

s
w

e
r
s
, 

h
o
w

e
v

e
r, 

h
a
s
 
s
te

a
d

ily
 
in

c
r
e
a
s
e
d
, 

la
rg

e
ly

 b
e
c
a
u
s
e
 c

lo
u
d
s
 a

r
e
 a

 p
r
im

a
r
y
 s

o
u
r
c
e
 

o
f u

n
c
e
r
ta

in
ty

 in
 p

ro
je

c
tio

n
s
 o

f fu
tu

re
 c

lim
a
te

 

(
 2
)
. W

h
y
 is

 o
u
r
 u

n
d
e
r
s
ta

n
d
in

g
 o

f
 c

lo
u
d
 p

r
o
-

c
e
s
s
e
s
 s

till s
o

 in
a
d

e
q

u
a
te

, a
n

d
 w

h
a
t a

r
e
 th

e
 

p
ro

s
p
e
c
ts

 fo
r th

e
 fu

tu
re

?

C
lo

u
d

s
 a

r
e
 d

is
p

e
r
s
io

n
s
 o

f
 d

r
o

p
s
 a

n
d

 ic
e
 

p
a
r
tic

le
s
 e

m
b
e
d
d
e
d
 in

 a
n
d
 in

te
ra

c
tin

g
 w

ith
 a

 

c
o
m

p
le

x
 tu

rb
u
le

n
t fl o

w
. T

h
e
y
 a

re
 h

ig
h
ly

 n
o
n
-

s
ta

tio
n
a
r
y
, in

h
o
m

o
g
e
n
e
o
u
s
, a

n
d
 in

te
r
m

itte
n
t, 

a
n

d
 e

m
b

o
d

y
 a

n
 e

n
o

r
m

o
u

s
 r

a
n

g
e
 o

f
 s

p
a
tia

l 

a
n
d
 te

m
p
o
ra

l s
c
a
le

s
. S

tro
n
g
 c

o
u
p
lin

g
s
 a

c
ro

s
s
 

th
o
s
e
 s

c
a
le

s
 b

e
tw

e
e
n
 tu

r
b

u
le

n
t fl u

id
 d

y
n
a
m

-

ic
s
 a

n
d
 m

ic
r
o
p
h
y
s
ic

a
l p

r
o
c
e
s
s
e
s
 a

r
e
 in

te
g

r
a
l 

to
 c

lo
u
d
 e

v
o
lu

tio
n
 (s

e
e
 th

e
 fi g

u
re

).

T
u

r
b

u
le

n
c
e
 
d

r
iv

e
s
 
e
n

tr
a
in

m
e
n

t, 
s
tir

-

r
in

g
, 

a
n

d
 
m

ix
in

g
 
in

 
c
lo

u
d

s
, 

r
e
s
u

ltin
g

 
in

 

s
tr

o
n

g
 fl u

c
tu

a
tio

n
s
 in

 te
m

p
e
r
a
tu

r
e
, h

u
m

id
-

ity
, a

e
r
o

s
o

l c
o

n
c
e
n

tr
a
tio

n
, a

n
d

 c
lo

u
d

 p
a
r
-

tic
le

 
g

r
o
w

th
 
a
n

d
 
d

e
c
a
y

 
(
 3

)
. 

I
t 

c
o

u
p

le
s
 
to

 

p
h

a
s
e
 tr

a
n

s
itio

n
 p

r
o

c
e
s
s
e
s
 (

s
u

c
h

 a
s
 n

u
c
le

-

a
tio

n
, c

o
n

d
e
n

s
a
tio

n
, a

n
d

 f
r
e
e
z
in

g
)
 a

s
 w

e
ll 

a
s
 p

a
r
tic

le
 c

o
llis

io
n

s
 a

n
d

 b
r
e
a
k

u
p

 (
 4

)
. A

ll 

th
e
s
e
 
p

r
o

c
e
s
s
e
s
 
f
e
e
d

 
b

a
c
k

 
o

n
 
th

e
 
tu

r
b

u
-

le
n

t fl o
w

 b
y

 b
u

o
y

a
n

c
y

 a
n

d
 d

r
a
g

 f
o

r
c
e
s
 a

n
d

 

C
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 W

e
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n
d

e
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ta
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u

d
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t Tu
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c

e
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tr
a
n
s
m

itte
d
 b

y
 q

u
a
n
tu

m
 m

e
c
h
a
n
ic

a
l fl u

c
tu

a
-

tio
n
s
 th

a
t ra

d
ia

te
 o

u
t fro

m
 e

a
c
h
 p

a
r
tic

le
 (s

e
e
 

th
e
 fi g

u
re

). In
 tw

o
 d

im
e
n
s
io

n
s
 th

e
s
e
 fl u

c
tu

a
-

tio
n
s
 d

e
c
a
y
 m

o
re

 s
lo

w
ly

 w
ith

 d
is

ta
n
c
e
, re

s
u
lt-

in
g
 in

 s
tro

n
g
e
r in

te
ra

c
tio

n
s
. T

h
e
 fl u

c
tu

a
tio

n
s
 

a
ls

o
 b

e
c
o

m
e
 m

o
r
e
 in

te
n

s
e
 n

e
a
r
 a

 q
u

a
n

tu
m

 

p
h

a
s
e
 tr

a
n

s
itio

n
. M

a
n
y

 o
f
 th

e
 s

u
p

e
r
c
o

n
d

u
c
-

to
rs

 d
is

c
o
v
e
re

d
 in

 th
e
 p

a
s
t d

e
c
a
d
e
 a

re
 in

d
e
e
d

 

la
y
e
re

d
 c

o
m

p
o
u
n
d
s
 c

lo
s
e
 to

 a
 q

u
a
n
tu

m
 p

h
a
s
e
 

tra
n
s
itio

n
 ( 6

,  7
).

R
a
th

e
r th

a
n
 u

s
in

g
 d

ire
c
t c

h
e
m

ic
a
l s

y
n
th

e
-

s
is

, S
h
is

h
id

o
 e

t a
l. tu

r
n
 to

 a
 m

e
th

o
d
 u

s
e
d
 c

o
m

-

m
o
n
ly

 to
 f

a
b
ric

a
te

 s
e
m

ic
o
n
d
u
c
to

r d
e
v
ic

e
s
—

m
o
le

c
u
la

r b
e
a
m

 e
p
ita

x
y
 (M

B
E

), a
 te

c
h
n
iq

u
e
 

in
v
o
lv

in
g
 th

e
 d

ire
c
t d

e
p
o
s
itio

n
 o

f a
to

m
s
 fro

m
 

a
n

 
a
to

m
ic

 
b

e
a
m

 
o

n
to

 
a
 
s
u

b
s
tr

a
te

, 
s
lo

w
ly

 

b
u
ild

in
g
 a

n
 o

rd
e
re

d
 c

r
y
s
ta

l, la
y
e
r b

y
 la

y
e
r ( 8

, 

 9
)
. T

h
e
y

 a
p

p
ly

 th
e
 M

B
E

 m
e
th

o
d

 to
 a

 c
la

s
s
 

o
f
 s

tr
o

n
g

ly
 c

o
r
r
e
la

te
d

 m
e
ta

ls
 c

a
lle

d
 h

e
a
v

y
-

f
e
r
m

io
n

 c
o

m
p

o
u

n
d

s
, m

a
te

r
ia

ls
 th

a
t c

o
n

ta
in

 

a
r
ra

y
s
 o

f ra
re

 e
a
r
th

 a
to

m
s
 th

a
t tra

p
 e

le
c
tro

n
s
 

tig
h
tly

 in
s
id

e
 f o

rb
ita

ls
 w

h
e
re

 th
e
y
 e

x
p
e
rie

n
c
e
 

s
tr

o
n

g
 in

te
r
a
c
tio

n
s
 (

“
h

e
a
v

y
 f

e
r
m

io
n

”
 r

e
f
e
r
s
 

to
 th

e
 v

e
r
y
 la

rg
e
 e

ffe
c
tiv

e
 m

a
s
s
 o

f th
e
 c

h
a
rg

e
 

c
a
r
rie

rs
 in

 th
e
s
e
 m

e
ta

ls
).

S
h

is
h

id
o

 e
t a

l. s
ta

r
t w

ith
 a

 th
r
e
e
-
d

im
e
n

-

s
io

n
a
l 

h
e
a
v

y
-
f
e
r
m

io
n

 
c
o

m
p

o
u

n
d
, 

C
e
I
n

3 . 

I
n

 th
r
e
e
 d

im
e
n

s
io

n
s
, th

e
 f

 e
le

c
tr

o
n

s
 in

 th
is

 

m
a
te

r
ia

l a
r
e
 lo

c
a
liz

e
d

 a
n

d
 a

r
r
a
n

g
e
 th

e
ir

 m
a
g

-

n
e
tic

 p
r
o

p
e
r
tie

s
 to

 f
o

r
m

 a
n

 a
n

tif
e
r
r
o

m
a
g

n
e
t. 

E
a
r
lie

r
 e

x
p

e
r
im

e
n

ts
 s

h
o
w

e
d

 th
a
t u

n
d

e
r
 h

ig
h

 

p
r
e
s
s
u

r
e
 (

 4
)
, th

e
 m

a
g

n
e
tis

m
 c

o
u

ld
 b

e
 s

u
p

-

p
r
e
s
s
e
d
, d

r
iv

in
g

 th
e
 m

a
te

r
ia

l to
 a

 q
u

a
n

tu
m

 

c
r
itic

a
l p

o
in

t w
h

e
r
e
 s

u
p

e
r
c
o

n
d

u
c
tiv

ity
 d

e
v
e
l-

o
p

e
d

. L
a
y
e
r
e
d

 d
e
r
iv

a
tiv

e
s
 o

f
 th

is
 m

a
te

r
ia

l in
 

w
h

ic
h

 th
e
 m

a
g

n
e
tis

m
 w

a
s
 s

o
m

e
tim

e
s
 a

b
s
e
n

t 

a
n

d
 s

u
p

e
r
c
o

n
d

u
c
tiv

ity
 d

e
v
e
lo

p
e
d

 s
p

o
n

ta
n

e
-

o
u

s
ly

 w
e
r
e
 la

te
r
 d

is
c
o
v
e
r
e
d

 (
 6

)
. C

o
u

ld
 o

n
e
 

s
y

s
te

m
a
tic

a
lly

 r
e
p

r
o

d
u

c
e
 th

e
s
e
 e

ff
e
c
ts

 u
s
in

g
 

M
B

E
 m

e
th

o
d

s
?

B
y

 
s
u

c
c
e
s
s
f
u

lly
 
id

e
n

tif
y

in
g

 
th

e
 
c
o

n
d

i-

tio
n

s
 a

n
d

 s
u

b
s
tr

a
te

 n
e
e
d

e
d

 to
 la

y
 d

o
w

n
 la

y
-

e
r
s
 o

f
 h

e
a
v

y
-
e
le

c
tr

o
n

 m
a
te

r
ia

l, S
h

is
h

id
o

 e
t 

a
l. s

y
s
te

m
a
tic

a
lly

 lo
w

e
r
 th

e
 d

im
e
n

s
io

n
a
lity

 

o
f
 C

e
I
n

3 . T
h

e
y

 d
o

 th
is

 b
y

 in
tr

o
d

u
c
in

g
 a

lte
r-

n
a
tin

g
 la

y
e
rs

 o
f m

a
g
n
e
tic

 C
e
In

3  a
n
d
 n

o
n
m

a
g
-

n
e
tic

 
L

a
I
n

3 , 
w

h
ic

h
 
is

 
a
 
w

e
a
k

ly
 
in

te
r
a
c
tin

g
 

m
e
ta

l. T
h

e
y

 h
a
v
e
 p

r
e
p

a
r
e
d

 a
 f

a
m

ily
 o

f
 s

u
c
h

 

c
o

m
p

o
u

n
d

s
 c

o
n

ta
in

in
g

 v
a
r
ia

b
le

 th
ic

k
n

e
s
s
e
s
 

o
f
 c

e
r
iu

m
 la

y
e
r
s
. W

ith
 e

ig
h

t c
e
r
iu

m
 la

y
e
r
s
 

th
e
 m

a
te

r
ia

l b
e
h
a
v
e
d
 lik

e
 th

r
e
e
-
d
im

e
n
s
io

n
a
l 

C
e
I
n

3 , w
ith

 a
 m

a
g
n
e
tic

 p
h
a
s
e
 tr

a
n
s
itio

n
, b

u
t 

a
s
 th

e
y
 re

d
u
c
e
d
 th

e
 n

u
m

b
e
r o

f c
e
riu

m
 la

y
e
rs

, 

th
e
y

 f
o

u
n

d
 th

a
t th

e
 r

e
d

u
c
e
d

 d
im

e
n

s
io

n
a
lity

 

s
u
p
p
r
e
s
s
e
d
 th

e
 te

m
p
e
r
a
tu

r
e
 o

f
 th

e
 m

a
g
n
e
tic

 

p
h

a
s
e
 tr

a
n

s
itio

n
, d

r
iv

in
g

 it to
 a

b
s
o

lu
te

 z
e
r
o

 

(
0

K
)
 b

y
 th

e
 tim

e
 th

e
y

 h
a
d

 r
e
a
c
h

e
d

 th
e
 tw

o
-

la
y
e
r s

y
s
te

m
.

T
w

o
 f

a
s
c
in

a
tin

g
 p

r
o

p
e
r
tie

s
 d

e
v
e
lo

p
e
d

 in
 

th
e
 tw

o
-
la

y
e
r
 s

y
s
te

m
, s

u
g

g
e
s
tin

g
 th

a
t it lie

s
 

r
ig

h
t 

a
t 

a
 
q

u
a
n

tu
m

 
p

h
a
s
e
 
tr

a
n

s
itio

n
. 

F
ir

s
t, 

S
h
is

h
id

o
 e

t a
l. fo

u
n
d
 th

a
t th

e
 re

s
is

ta
n
c
e
 o

f th
is

 

m
a
te

r
ia

l is
 v

e
r
y
 s

e
n
s
itiv

e
 to

 m
a
g
n
e
tic

 fi e
ld

s
, 

a
n

 in
d

ic
a
tio

n
 o

f
 s

c
a
tte

r
in

g
 o

f
 e

le
c
tr

o
n

s
 o

ff
 

th
e
 s

o
ft m

a
g
n
e
tic

 fl u
c
tu

a
tio

n
s
 a

ro
u
n
d
 a

 m
a
g
-

n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tr

a
n
s
itio

n
. S

e
c
o
n
d
, th

e
 

te
m

p
e
r
a
tu

r
e
 (T

)
 d

e
p

e
n

d
e
n

c
e
 o

f
 th

e
 r

e
s
is

tiv
-

ity
 c

h
a
n
g
e
d
 q

u
a
lita

tiv
e
ly

 a
s
 th

e
 d

im
e
n
s
io

n
a
l-

ity
 o

f
 th

e
 c

r
y

s
ta

l d
e
c
r
e
a
s
e
d
, s

h
if

tin
g

 f
r
o

m
 a

 

T
 2 d

e
p
e
n
d
e
n
c
e
 e

x
p
e
c
te

d
 in

 c
o
n
v
e
n
tio

n
a
l m

e
t-

a
ls

 to
 a

 lin
e
a
r d

e
p
e
n
d
e
n
c
e
 o

n
 te

m
p
e
ra

tu
re

—

b
e
h
a
v
io

r c
h
a
ra

c
te

ris
tic

 o
f in

e
la

s
tic

 s
c
a
tte

rin
g

 

o
ff s

p
in

 fl u
c
tu

a
tio

n
s
.

T
h

e
s
e
 
e
x

p
e
r
im

e
n

ts
 
a
r
e
 
a
 
m

ile
s
to

n
e
 
in

 

th
e
 a

p
p

lic
a
tio

n
 o

f
 M

B
E

 m
e
th

o
d

s
 to

 la
y
e
r
e
d

 

in
te

r
m

e
ta

llic
 m

a
te

r
ia

ls
, s

h
o
w

in
g

 th
a
t th

e
s
e
 

m
e
th

o
d

s
 
c
a
n

 
b

e
 
s
u

c
c
e
s
s
f
u

lly
 
u

s
e
d

 
to

 
tu

n
e
 

th
e
 
d

im
e
n

s
io

n
a
lity

 
a
n

d
 
in

c
r
e
a
s
e
 
th

e
 
e
le

c
-

tr
o
n
 in

te
r
a
c
tio

n
s
 in

 th
e
s
e
 k

in
d
s
 o

f
 m

a
te
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p
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r
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p
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r d
e
v
ic

e
s
—

m
o
le

c
u
la

r b
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 d
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t d
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 c
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 c
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t c
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h
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c
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c
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 c
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 d
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liz

e
d

 a
n

d
 a

r
r
a
n

g
e
 th

e
ir

 m
a
g

-

n
e
tic

 p
r
o

p
e
r
tie

s
 to

 f
o

r
m

 a
n

 a
n

tif
e
r
r
o

m
a
g

n
e
t. 

E
a
r
lie

r
 e

x
p

e
r
im

e
n

ts
 s

h
o
w

e
d

 th
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 c
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, d

r
iv

in
g

 th
e
 m

a
te

r
ia

l to
 a

 q
u

a
n

tu
m

 

c
r
itic

a
l p

o
in

t w
h

e
r
e
 s

u
p

e
r
c
o

n
d

u
c
tiv

ity
 d

e
v
e
l-

o
p

e
d

. L
a
y
e
r
e
d

 d
e
r
iv

a
tiv

e
s
 o

f
 th

is
 m

a
te

r
ia

l in
 

w
h

ic
h

 th
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s
io

n
a
l 

C
e
In

3 , w
ith

 a
 m

a
g
n
e
tic

 p
h
a
s
e
 tra

n
s
itio

n
, b

u
t 

a
s
 th

e
y
 re

d
u
c
e
d
 th

e
 n

u
m

b
e
r o

f c
e
riu

m
 la

y
e
rs

, 

th
e
y

 f
o

u
n

d
 th

a
t th

e
 r

e
d

u
c
e
d

 d
im

e
n

s
io

n
a
lity

 

s
u
p
p
r
e
s
s
e
d
 th

e
 te

m
p
e
r
a
tu

r
e
 o

f
 th

e
 m

a
g
n
e
tic

 

p
h

a
s
e
 tr

a
n

s
itio

n
, d

r
iv

in
g

 it to
 a

b
s
o

lu
te

 z
e
r
o

 

(
0

K
)
 b

y
 th

e
 tim

e
 th

e
y

 h
a
d

 r
e
a
c
h

e
d

 th
e
 tw

o
-

la
y
e
r s

y
s
te

m
.

T
w

o
 f

a
s
c
in

a
tin

g
 p

r
o

p
e
r
tie

s
 d

e
v
e
lo

p
e
d

 in
 

th
e
 tw

o
-
la

y
e
r
 s

y
s
te

m
, s

u
g

g
e
s
tin

g
 th

a
t it lie

s
 

r
ig

h
t 

a
t 

a
 
q

u
a
n

tu
m

 
p

h
a
s
e
 
tr

a
n

s
itio

n
. 

F
ir

s
t, 

S
h
is

h
id

o
 e

t a
l. fo

u
n
d
 th

a
t th

e
 re

s
is

ta
n
c
e
 o

f th
is

 

m
a
te

ria
l is

 v
e
r
y
 s

e
n
s
itiv

e
 to

 m
a
g
n
e
tic

 fi e
ld

s
, 

a
n

 in
d

ic
a
tio

n
 o

f
 s

c
a
tte

r
in

g
 o

f
 e

le
c
tr

o
n

s
 o

ff
 

th
e
 s

o
ft m

a
g
n
e
tic

 fl u
c
tu

a
tio

n
s
 a

ro
u
n
d
 a

 m
a
g
-

n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tr

a
n
s
itio

n
. S

e
c
o
n
d
, th

e
 

te
m

p
e
r
a
tu

r
e
 (T

)
 d

e
p

e
n

d
e
n

c
e
 o

f
 th

e
 r

e
s
is

tiv
-

ity
 c

h
a
n
g
e
d
 q

u
a
lita

tiv
e
ly

 a
s
 th

e
 d

im
e
n
s
io

n
a
l-

ity
 o

f
 th

e
 c

r
y

s
ta

l d
e
c
r
e
a
s
e
d
, s

h
if

tin
g

 f
r
o

m
 a

 

T
 2 d

e
p
e
n
d
e
n
c
e
 e

x
p
e
c
te

d
 in

 c
o
n
v
e
n
tio

n
a
l m

e
t-

a
ls

 to
 a

 lin
e
a
r d

e
p
e
n
d
e
n
c
e
 o

n
 te

m
p
e
ra

tu
re

—

b
e
h
a
v
io

r c
h
a
ra

c
te

ris
tic

 o
f in

e
la

s
tic

 s
c
a
tte

rin
g

 

o
ff s

p
in

 fl u
c
tu

a
tio

n
s
.

T
h

e
s
e
 
e
x

p
e
r
im

e
n

ts
 
a
r
e
 
a
 
m

ile
s
to

n
e
 
in

 

th
e
 a

p
p

lic
a
tio

n
 o

f
 M

B
E

 m
e
th

o
d

s
 to

 la
y
e
r
e
d

 

in
te

r
m

e
ta

llic
 m

a
te

r
ia

ls
, s

h
o
w

in
g

 th
a
t th

e
s
e
 

m
e
th

o
d

s
 
c
a
n

 
b

e
 
s
u

c
c
e
s
s
f
u

lly
 
u

s
e
d

 
to

 
tu

n
e
 

th
e
 
d

im
e
n

s
io

n
a
lity

 
a
n

d
 
in

c
r
e
a
s
e
 
th

e
 
e
le

c
-

tro
n
 in

te
ra

c
tio

n
s
 in

 th
e
s
e
 k

in
d
s
 o

f m
a
te

ria
ls

. 

A
lth

o
u

g
h

 
th

e
 
c
u

r
r
e
n

t 
e
x

p
e
r
im

e
n

ts
 
d

id
 
n

o
t 

o
b

s
e
r
v
e
 a

n
y

 e
m

e
rg

e
n

t s
u

p
e
r
c
o

n
d

u
c
tiv

ity
 a

t 

th
e
 m

a
g
n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tra

n
s
itio

n
, th

is
 

n
e
x

t m
ile

s
to

n
e
 m

a
y

 n
o

t b
e
 f

a
r
 a

w
a
y
. I

n
 th

e
 

c
u

r
r
e
n

t s
a
m

p
le

s
, th

e
 r

e
s
is

tiv
ity

 o
f
 th

e
 m

o
s
t 

tw
o

-
d

im
e
n

s
io

n
a
l s

a
m

p
le

s
 is

 la
rg

e
, a

n
 e

ff
e
c
t 

th
e
 a

u
th

o
rs

 a
ttrib

u
te

 to
 in

te
rd

iffu
s
io

n
 o

f la
n
-

th
a
n

u
m

 a
n

d
 c

e
r
iu

m
 b

e
tw

e
e
n

 la
y
e
r
s
 (

 3
)
. T

h
e
 

s
c
a
tte

rin
g
 th

is
 c

re
a
te

s
 is

 w
e
ll k

n
o
w

n
 to

 b
re

a
k

 

u
p
 th

e
 e

le
c
tro

n
 p

a
irs

 n
e
e
d
e
d
 fo

r s
u
p
e
rc

o
n
d
u
c
-

tiv
ity

. F
u
tu

re
 e

x
p
e
rim

e
n
ts

, re
p
la

c
in

g
 th

e
 la

n
-

th
a
n

u
m

 w
ith

 s
m

a
lle

r
 tr

a
n

s
itio

n
 m

e
ta

l io
n

s
, 

m
a
y
 w

e
ll b

e
 a

b
le

 to
 s

o
lv

e
 th

is
 p

ro
b
le

m
. 

R
e
fe

re
n
ce

s a
n
d
 N

o
te

s

 
1. 

W
. P. M

cCray, N
at. N

an
otech

n
ol. 4

, 2 (2009).  
 

2. 
See, e.g., http://en.w

ikipedia.org/w
iki/H

igh-tem
perature_

superconductivity.
 

3. 
H

. Shishido et al., Scien
ce 3

2
7

, 980 (2010).
 

4. 
N

. D
. M

athur et al., N
ature 3

9
4

, 39 (1998).  
 

5. 
P. Colem

an, A
. J. Schofi eld, N

ature 4
3

3
, 226 (2005).  

 
6. 

J. L. Sarrao, J. D
. Thom

pson, J. Ph
ys. Soc. Jpn

. 7
6

, 
051013 (2007).  

 
7. 

H
. H

osono et al., N
. J. Ph

ys. 1
1

, 025003 (2009).  
 

8. 
M

. B
. Panish, Scien

ce 2
0

8
, 916 (1980).  

 
9. 

B
. A

. Joyce, R
ep. Prog. Ph

ys. 4
8

, 1637 (1985).  
 10. 

Supported by N
SF grant N

SF-D
M

R
 0907179.

10.1126/science.1186253

P
u

b
lish

e
d

 b
y A

A
A

S

 on March 7, 2017http://science.sciencemag.org/Downloaded from 

w
w

w
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c
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n
c
e

m
a
g

.o
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    S
C

IE
N

C
E

    V
O

L
 3

2
7

    1
9

 F
E

B
R

U
A

R
Y

 2
0

1
0

9
7
1

P
E

R
S

P
E

C
T

IV
E

S

a
ff

e
c
t c

lo
u

d
 d

y
n

a
m

ic
a
l p

r
o

c
e
s
s
e
s
 u

p
 to

 

th
e
 la

rg
e
s
t s

c
a
le

s
 (

 5
–

 7
)
.

T
o

 
a
 
la

r
g

e
 
e
x

te
n

t, 
u

n
d

e
r
s
ta

n
d

in
g

 
o

f
 

c
lo

u
d
s
 h

a
s
 c

o
m

e
 th

ro
u
g
h
 th

e
 s

tu
d
y
 o

f tw
o
 

p
h

e
n

o
m

e
n

a
: 

c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

a
l 

p
r
o

-

c
e
s
s
e
s
 in

 n
o

n
tu

r
b

u
le

n
t fl u

id
s
, a

n
d

 la
rg

e
-

s
c
a
le

 c
lo

u
d

 c
ir

c
u

la
tio

n
 a

n
d

 d
y

n
a
m

ic
s
. A

t 

th
e
 s

a
m

e
 tim

e
, u

n
d
e
rs

ta
n
d
in

g
 o

f th
e
 p

h
y
s
-

ic
s
 o

f fu
lly

 d
e
v
e
lo

p
e
d
 tu

rb
u
le

n
t fl o

w
s
 h

a
s
 

a
d

v
a
n

c
e
d

 r
a
p

id
ly

. F
o

r
 e

x
a
m

p
le

, s
o

p
h

is
ti-

c
a
te

d
 la

b
o
ra

to
r
y
 a

p
p
a
ra

tu
s
 n

o
w

 a
llo

w
s
 th

e
 

s
tu

d
y

 o
f
 n

u
c
le

a
tio

n
 a

n
d

 g
r
o
w

th
 o

f
 c

lo
u

d
 

p
a
r
tic

le
s
 
u

n
d

e
r
 
w

e
ll-

c
o

n
tr

o
lle

d
 
c
o

n
d

i-

tio
n

s
 (

 8
)
. C

o
m

p
u

ta
tio

n
a
l m

o
d

e
ls

 r
a
n

g
in

g
 

f
r
o

m
 th

e
 c

lo
u

d
 to

 th
e
 g

lo
b

a
l s

c
a
le

 e
lu

c
i-

d
a
te

 d
e
ta

ile
d
 in

te
ra

c
tio

n
s
 b

e
tw

e
e
n
 a

e
ro

s
o
ls

 

a
n
d
 c

lo
u
d
 d

y
n
a
m

ic
s
 ( 9

). A
n
d
 th

re
e
-d

im
e
n
-

s
io

n
a
l p

a
r
tic

le
 tra

c
k
in

g
 a

n
d
 fu

lly
 re

s
o
lv

e
d
 

tu
rb

u
le

n
c
e
 s

im
u
la

tio
n
s
 h

a
v
e
 s

u
b
s
ta

n
tia

lly
 

a
d

v
a
n

c
e
d

 o
u

r
 u

n
d

e
r
s
ta

n
d

in
g

 o
f
 tu

r
b

u
le

n
t 

tra
n
s
p
o
r
t a

n
d
 m

ix
in

g
 ( 1

0
).

T
h

e
 f

r
o

n
tie

r
 in

 c
lo

u
d

 p
h
y

s
ic

s
, a

n
d

 th
e
 

c
h

a
lle

n
g

e
 
in

 
u

n
d

e
r
s
ta

n
d

in
g

 
c
lo

u
d

 
p

r
o

-

c
e
s
s
e
s
, lie

s
 a

t th
e
 in

te
rs

e
c
tio

n
 o

f th
e
s
e
 tw

o
 

fi e
ld

s
 (

 1
1

)
. F

o
r
 e

x
a
m

p
le

, h
ig

h
-
r
e
s
o

lu
tio

n
 

m
e
a
s
u
re

m
e
n
ts

 o
f te

m
p
e
ra

tu
re

, liq
u
id

 w
a
te

r
 

c
o

n
te

n
t, 

a
e
r
o

s
o

l 
p

r
o

p
e
r
tie

s
, 

a
n

d
 
a
ir

f
lo

w
 

re
v
e
a
l f

a
s
c
in

a
tin

g
 s

m
a
ll-s

c
a
le

 c
lo

u
d
 s

tr
u
c
-

tu
re

s
, in

v
is

ib
le

 w
ith

 e
a
rlie

r te
c
h
n
o
lo

g
y
 ( 3

, 

 1
2
). L

a
b
o
ra

to
r
y
 e

x
p
e
rim

e
n
ts

 a
n
d
 n

u
m

e
ri-

c
a
l 

s
im

u
la

tio
n

s
 
a
r
e
 
p

r
o
v

id
in

g
 
d

e
ta

ile
d
 

in
f
o

r
m

a
tio

n
 
o

n
 
c
lo

u
d

 
m

ic
r
o

p
h
y

s
ic

s
 
(
 8

)
, 

tu
rb

u
le

n
t d

y
n
a
m

ic
s
 ( 1

3
), a

n
d
 in

te
ra

c
tio

n
s
 

a
n

d
 c

o
llis

io
n

s
 b

e
tw

e
e
n

 d
r
o

p
le

ts
 (

 1
4

,  1
5

)
. 

S
c
a
le

-
r
e
s
o

lv
in

g
 
s
im

u
la

tio
n

s
 
th

a
t 

m
e
rg

e
 

m
e
th

o
d

s
 
f
r
o

m
 
th

e
 
c
lo

u
d

 
a
n

d
 
tu

r
b

u
le

n
c
e
 

c
o
m

m
u
n
itie

s
 a

re
 e

lu
c
id

a
tin

g
 th

e
 w

id
e
 v

a
ri-

e
ty

 o
f c

irc
u
la

tio
n
 re

g
im

e
s
 ( 1

6
). T

h
e
s
e
 to

o
ls

 

a
llo

w
 th

e
 fu

ll c
o
m

p
le

x
ity

 o
f m

ic
ro

p
h
y
s
ic

a
l 

a
n
d
 fl u

id
-d

y
n
a
m

ic
a
l in

te
ra

c
tio

n
s
 in

 c
lo

u
d
s
 

to
 b

e
 e

x
p
lo

re
d
 (s

e
e
 th

e
 fi g

u
re

).

T
w

o
 
e
x

a
m

p
le

s
 
illu

s
tr

a
te

 
th

is
 
f
u

r
th

e
r. 

F
irs

t, c
o
m

p
u
ta

tio
n
a
l, la

b
o
ra

to
r
y
, a

n
d
 fi e

ld
 

s
tu

d
ie

s
 ( 1

7
,  1

8
) h

a
v
e
 e

x
p
lo

re
d
 tw

o
 fu

n
d
a
-

m
e
n

ta
lly

 
d

iff
e
r
e
n

t 
r
e
g

im
e
s
 
f
o

r
 
th

e
 
in

te
r-

p
la

y
 b

e
tw

e
e
n
 tu

rb
u
le

n
t m

ix
in

g
 a

n
d
 d

ro
p
le

t 

g
r
o
w

th
 
a
n

d
 
e
v
a
p

o
r
a
tio

n
. A

t 
la

rg
e
 
s
c
a
le

s
, 

m
ix

in
g
 o

c
c
u
rs

 a
t s

h
a
r
p
 fro

n
ts

 a
n
d
 fi e

ld
s
 a

re
 

in
h
o
m

o
g
e
n
e
o
u
s
, w

h
e
re

a
s
 a

t s
m

a
ll s

c
a
le

s
, 

m
ix

in
g
 is

 s
m

o
o
th

 a
n
d
 h

o
m

o
g
e
n
e
o
u
s
. T

h
e
s
e
 

r
e
g

im
e
s
 
s
tr

o
n

g
ly

 
a
ff

e
c
t 

s
p

a
tio

te
m

p
o

r
a
l 

d
ro

p
le

t g
ro

w
th

 a
n
d
 e

v
a
p
o
ra

tio
n
, w

ith
 im

p
li-

c
a
tio

n
s
 fo

r p
re

c
ip

ita
tio

n
 in

itia
tio

n
 a

n
d
 ra

d
ia

-

tiv
e
 p

ro
p
e
r
tie

s
 o

f c
lo

u
d
s
.

S
e
c
o
n
d
, re

c
e
n
t re

s
e
a
rc

h
 h

a
s
 c

h
a
n
g
e
d
 o

u
r
 

u
n
d
e
rs

ta
n
d
in

g
 o

f ra
in

 fo
r
m

a
tio

n
. R

a
in

 fo
r
m

a
-

tio
n
 h

a
s
 lo

n
g
 b

e
e
n
 a

ttrib
u
te

d
 to

 c
o
llis

io
n
s
 a

n
d
 

s
u
b
s
e
q
u
e
n
t c

o
a
le

s
c
e
n
c
e
 re

s
u
ltin

g
 fro

m
 c

lo
u
d
 

p
a
r
tic

le
s
 fa

llin
g
 a

t d
iffe

re
n
t te

r
m

in
a
l s

p
e
e
d
s
 in

 

a
 q

u
ie

s
c
e
n
t fl u

id
. T

h
is

 v
ie

w
 n

e
g
le

c
te

d
 th

e
 fa

c
t 

th
a
t c

lo
u
d
s
 a

re
 tu

rb
u
le

n
t. T

u
rb

u
le

n
c
e
 p

ro
v
id

e
s
 

a
 ra

n
d
o
m

 a
c
c
e
le

ra
tio

n
 te

r
m

 to
 c

o
m

p
e
te

 w
ith

 

th
e
 g

ra
v
ita

tio
n
a
l s

e
d
im

e
n
ta

tio
n
, re

s
u
ltin

g
 in

 

c
o
m

p
le

x
 p

a
r
tic

le
 tra

je
c
to

rie
s
 th

a
t c

ro
s
s
 fl u

id
 

s
tre

a
m

lin
e
s
 a

n
d
 le

a
d
 to

 s
p
a
tia

lly
 c

lu
s
te

re
d
 p

a
r-

tic
le

 d
is

trib
u
tio

n
s
 (s

e
e
 th

e
 fi g

u
re

). T
h
is

 p
ro

c
e
s
s
 

s
u

b
s
ta

n
tia

lly
 
e
n

h
a
n

c
e
s
 
c
o

llis
io

n
 
r
a
te

s
, 

th
u

s
 

re
d
u
c
in

g
 th

e
 tim

e
 re

q
u
ire

d
 to

 fo
r
m

 p
re

c
ip

ita
-

tio
n
 in

 c
lo

u
d
s
 ( 1

5
,  1

9
).

W
ith

 th
e
s
e
 a

d
v
a
n
c
e
s
 w

e
 c

a
n
 b

e
tte

r a
d
d
re

s
s
 

s
o
m

e
 o

f H
o
u
g
h
to

n
’s

 p
e
rs

is
te

n
t q

u
e
s
tio

n
s
 ( 1

). 

L
a
b
o
ra

to
r
y
 f

a
c
ilitie

s
 a

re
 b

e
in

g
 d

e
v
e
lo

p
e
d
 fo

r
 

s
tu

d
y

in
g

 d
r
o

p
le

t a
c
tiv

a
tio

n
, ic

e
 n

u
c
le

a
tio

n
, 

a
n
d
 c

o
n
d
e
n
s
a
tio

n
a
l g

ro
w

th
 in

 fl o
w

s
 w

ith
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tte
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f sca

le
. Turbulence on scales from

 hun-
dreds of m

eters to fractions of m
illim

eters affects 
the form

ation and dynam
ics of clouds, w

ith con-
sequences extending to the scale of w

eather and 
global clim

ate. CCN
, cloud condensation nuclei.
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FIG
.1.

(a)
Snapshot

of
the

initial
locations

of
the

droplets
(random

ly
distributed)

w
ith

a
m

ean
size

of
10

µ
m

and
standard

deviation
of

2
µ

m
.(b)

D
ropletpositions

at
t ′=

0
.024

s.
!

=
10

m
2/s.O

rigin
represents

the
center

of
the

vortex.
T

he
droplets

w
hich

start
their

journey
from

w
ithin

the
critical

radius
of

caustics
are

colored
green

(dark
grey),others

red
(light

grey).Subsequently
if

in
a

m
erging

event,at
least

a
caustics

dropletis
involved,the

resulting
dropletis

colored
black.T

he
size

of
the

black
droplets

is
scaled

up
for

better
visualization.

G
iven

the
low

particle
volum

e
fraction,only

binary
collisions

are
assum

ed
to

take
place.A

tthe
beginning

of
every

sim
ulation

tim
e

interval
[t,t+

"
t],all

pairs
of

droplets
(i,j)

are
checked

for
potentialcollision

by
calculating

the
tim

e
"

t (ij)=
((a

(i)+
a

(j))−
r

(ij))/v
(ij),atw

hich
they

w
ould

touch
if

they
continued

to
m

ove
in

straight
trajectories.

T
he

superscript
(ij)

denotes
a

relative
quantity

betw
een

the
ith

and
jth

droplets.If
0

<
"

t (ij)
<

"
t,the

droplets
are

deem
ed

to
collide

at
(t+

"
t (ij)).For

m
ore

details,see
R

ef.[20].H
ow

ever,notallcollisions
need

resultin
coalescence;

for
instance,if

the
droplets

do
notapproach

each
other

w
ith

sufficientkinetic
energy

to
expelthe

intervening
air

film
,they

w
illbounce

aw
ay.B

ased
on

approach
conditions

such
as

collision
angle,

relative
velocity

betw
een

the
colliding

droplets
and

the
ratio

ofdropletsizes,w
e

determ
ine

w
hether

tw
o

colliding
droplets

w
ill

bounce
or

m
erge

(see
R

ef.
[21]

for
details).

Since
cloud

droplets
are

sm
all

(a
<

100
µ

m
),the

probability
of

fragm
entation

on
collision

is
neglected

[22].B
ounce

and
coalescence

events
are

treated
as

elastic
and

inelastic
collisions,respectively,w

ith
droplets

alw
ays

rem
aining

spherical.

IV.
R

E
SU

LT
S

A
N

D
D

ISC
U

SSIO
N

For
brevity

w
e

refer
to

droplets
located

initially
w

ithin
r
c =

0
.55 √

(2
π

)
as

caustics
droplets.

W
e

color
these

droplets
green

and
other

droplets
red

[Fig.
1(a)].In

the
course

of
the

sim
ulation,

droplets
resulting

from
coalescence

events
involving

atleastone
caustics

dropletare
colored

black
and

rem
ain

black
subsequently.T

he
fraction

oflarge
droplets

atthe
end

ofthe
sim

ulation
w

hich
are

black
give

a
m

easure
ofcoalescence

induced
by

caustics.
In

Fig.
1

w
e

present
the

snapshots
of

droplet
positions

at
the

beginning
and

end
of

a
typical

sim
ulation

(see
also

m
ovie

1
in

the
Supplem

ental
M

aterial
[23]).

T
he

sim
ulation

tim
e

is
chosen

long
enough

form
ostofthe

high-velocity
particles

to
overtake

the
outerslow

-m
oving

particles
[see

Fig.1(b)],beyond
w

hich
alm

ostno
m

ore
collision

events
are

expected
to

occur.T
he

large
droplets,

w
hich

are
centrifuged

outthe
farthest(orderofm

etresin
a

fraction
ofa

second),are
invariably

black,
i.e.,caustics

droplets
w

ere
involved

in
their

creation.N
ote

thatthe
tim

e
taken

is
far

shorter
than

a
typicallifetim

e
of

vortices
of

such
circulations

in
turbulentflow

s
of

R
eynolds

num
bers

typicalof
a

cloud.T
hough

large
droplets

form
only

a
sm

allfraction
of

the
totalpopulation,a

dram
atic

change
this

causes
in

the
caustics

radius,as
show

n
below

,w
illlead

to
significantdropletgrow

th.
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FIG
.14.

C
ontours

of
vorticity

show
ing

the
tim

e
evolution

of
a

six-vortex
configuration

atR
e
!

=
1
.5

×
10

5.T
he

differentsnapshots
are

at
tim

es
(in

units
of

T
!

≈
0
.74)

t=
0
.09

(top
left),

t=
6
.42

(top
center),

t=
10

.64
(top

right),
t=

12
.75

(m
iddle

left),
t=

14
.86

(m
iddle

center),
t=

15
.71

(m
iddle

right),
t=

16
.13

(bottom
left),and

t=
16

.55
(bottom

center),and
t=

16
.89

(bottom
right).

that
appear

at
high

R
eynolds

num
ber,

w
e

discretized
the

com
putationaldom

ain
w

ith
4096

2
collocation

grid
points.W

e
find

thatthe
dynam

icsstrongly
dependson

w
hetherthe

num
ber

of
vortices

are
even

or
odd

(a
feature

not
observed

in
linear

stability).

1.
Six-vortex

m
erger,R

e
! =

1
.5×

10
5

W
e

begin
w

ith
an

even
num

ber
(six)

of
vortices

arranged,
as

before,
on

the
vertices

of
a

regular
polygon.

T
he

plot
in

Fig.
14

show
s

the
tim

e
evolution

of
the

vorticity
contours

during
the

m
ergerprocess.Initially,the

dynam
ics

proceeds
in

a
m

anner
sim

ilar
to

that
at

m
oderate

R
eynolds

num
ber.

T
he

vortices
start

to
rotate

in
the

counterclockw
ise

direction
and

try
to

form
an

annularlike
structure.T

he
annulus,how

ever,is
neverform

ed.T
he

six
vortices

undergo
an

asym
m

etric
m

erger
to

first
form

four
vortices,

w
hich

are
not

identical.
T

he
tw

o
located

diam
etrically

opposite
to

each
other,w

hich
cam

e
from

the
m

ergerevents,are
larger.T

his
is

follow
ed

by
anotherpair

of
m

ergers
to

give
tw

o
vortices,w

ith
a

lotof
fine

filam
entary

structure
in

the
neighborhood.T

hus
itis

seen
thatreducing

the
viscosity

reduces
the

propensity
to

form
an

annulus,and
other,

less
regulardynam

ics
intervenes.

2.
E

ight-vortex
m

erger,R
e
! =

2×
10

5

W
e

now
exam

ine
a

m
ultiple

of
four

(i.e.,
eight)

vortices
on

the
vertices

of
a

regular
polygon,

in
Fig.

15.
N

ow
the

first
m

erger
event

is
perfectly

sym
m

etric,w
ith

four
pairw

ise
m

ergersyielding
fouridenticalvortices.T

he
perfectsym

m
etry

of
this

case
is

preserved
through

m
ostof

the
later

dynam
ics,

w
hereas

this
is

notpossible
in

the
six-

and
nine-vortex

cases.
H

ere
the

four-vortex
structure

continues
to

decay
until,

at
a

later
stage,

these
vortices

further
m

erge
to

form
a

tripolar
vortex.

013105-9

013303-8
R

avichandran,P
erlekar,and

G
ovindarajan

P
hys.Fluids

26,013303
(2014)
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FIG
.8.

C
ontour-plotof

S
ij S

ij .T
he

negative
of

this
quantity,

Q̂
,is

the
O

kubo-W
eiss

param
eter,w

hich
is

proportionalto
the

divergence
ofparticle

velocity.

divergence
ofparticle

velocity
equalto

∇
·v̂

=
StQ̂

,
(8)

w
here

Q̂
is

the
O

kubo-W
eiss

param
eterin

the
rotating

fram
e.

T
he

quantity
(S

ij S
ij )is

plotted
in

Figure
8,and

seen
to

be
positive

in
the

vicinity
ofthe

attracting
fixed

point,m
aking

the
O

kubo-W
eiss

param
eter

negative;
w

e
thus

satisfy
the

necessary
condition

for
the

existence
of

attracting
fixed

points,in
a

neighborhood
w

here
fluid

particles
follow

elliptical
stream

lines.

IV.
N

A
V

IE
R

-S
TO

K
E

S
S

IM
U

LA
TIO

N
S

W
e

now
substantiate

our
results

by
studying

the
above

flow
in

a
m

ore
realistic

setting:
by

including
viscosity

and
beginning

w
ith

L
am

b-O
seen

vortices,
in

contrast
to

the
point

vortices
of

Sec.III.T
he

flow
obeys

the
tw

o-dim
ensionalN

avier-Stokes
equations

D
t ω

=
ν∇

2ω
,

∇
2ψ

=
ω

,
(9)

w
here

ω
is

the
vorticity,ν

is
the

kinem
atic

viscosity,ψ
is

the
stream

function,i.e.,u
=

(−
∂

y ψ
,∂

x ψ
),

and
D

t ≡
∂

t +
u

·
∇

is
the

m
aterial

derivative.Particles
obey

E
q.(2).W

e
use

a
square

dom
ain

w
ith

each
side

of
length

L
=

2
π

and
em

ploy
periodic

boundary
conditions.E

quations
(9),and

the
continuity

equation
are

num
erically

integrated
using

a
pseudo-spectralm

ethod.Tim
e-advancem

ent
is

done
using

an
exponential

A
dam

s-B
ashforth

schem
e.

Space
is

discretized
w

ith
N

2
collocation

grid
points.

W
e

have
verified

(not
show

n
here)

that
grid-convergence

is
achieved

by
conducting

sim
ulations

w
ith

varying
grid

resolutions
N

=
128

and
N

=
256

and
obtaining

the
sam

e
results.In

w
hatfollow

s,w
e

have
used

N
=

256
unless

stated
otherw

ise.
W

e
initialize

the
sim

ulation
w

ith
tw

o
G

aussian
vortices

positioned
at

(x
1 ,y

1 )
and

(x
2 ,y

2 ),of
vorticity

ω
1 (x

,y)=
ω

0 exp[−
(r1 /r0 ) 2]

(10)

and

ω
2 (x

,y)=
ω

0 exp[−
(r2 /r0 ) 2].

(11)

H
ere,

r0
is

the
w

idth
of

the
vortex,

ω
0

denotes
the

vortex
am

plitude,r
21

=
(x

−
x

1 ) 2+
(y

−
y

1 ) 2

and
r

22
=

(x
−

x
2 ) 2+

(y
−

y
2 ) 2,and

the
separation

betw
een

the
centers

of
the

vortices
ℓ

≡
(y

2
−

y
1 ) 2

+
(x

2
−

x
1 ) 2

is
keptfixed

at
ℓ

=
0.9818

(w
e

obtain
this

value
because

w
e

choose
an

integer
num

ber
of

grid-spacings).W
e

fix
r0 =

π
/32,

ω
0 =

2
11/π

≈
652

(these
values

are
tuned

so
thatthe
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t 
n

u
c
le

a
tio

n
, 

g
r
o
w

th
, 

a
n

d
 
p

r
e
c
ip

ita
-

tio
n

 
o

f
 
w

a
te

r
 
p

a
r
tic

le
s
 
a
r
e
 
y
e
t 

a
n

s
w

e
r
e
d

”
 

(
 1
)
. S

in
c
e
 th

e
n
, u

n
d
e
r
s
ta

n
d
in

g
 o

f
 c

lo
u
d
 p

r
o
-

c
e
s
s
e
s
 h

a
s
 a

d
v
a
n
c
e
d
 e

n
o
r
m

o
u
s
ly

, y
e
t w

e
 s

till 

f
a
c
e
 s

o
m

e
 o

f
 th

e
 b

a
s
ic

 q
u

e
s
tio

n
s
 H

o
u

g
h

to
n

 

d
r
e
w

 a
tte

n
tio

n
 to

. T
h
e
 in

te
r
e
s
t in

 fi n
d
in

g
 th

e
 

a
n

s
w

e
r
s
, 

h
o
w

e
v

e
r, 

h
a
s
 
s
te

a
d

ily
 
in

c
r
e
a
s
e
d
, 

la
rg

e
ly

 b
e
c
a
u
s
e
 c

lo
u
d
s
 a

r
e
 a

 p
r
im

a
r
y
 s

o
u
r
c
e
 

o
f u

n
c
e
r
ta

in
ty

 in
 p

ro
je

c
tio

n
s
 o

f fu
tu

re
 c

lim
a
te

 

(
 2
)
. W

h
y
 is

 o
u
r
 u

n
d
e
r
s
ta

n
d
in

g
 o

f
 c

lo
u
d
 p

r
o
-

c
e
s
s
e
s
 s

till s
o

 in
a
d

e
q

u
a
te

, a
n

d
 w

h
a
t a

r
e
 th

e
 

p
ro

s
p
e
c
ts

 fo
r th

e
 fu

tu
re

?

C
lo

u
d

s
 a

r
e
 d

is
p

e
r
s
io

n
s
 o

f
 d

r
o

p
s
 a

n
d

 ic
e
 

p
a
r
tic

le
s
 e

m
b
e
d
d
e
d
 in

 a
n
d
 in

te
ra

c
tin

g
 w

ith
 a

 

c
o
m

p
le

x
 tu

rb
u
le

n
t fl o

w
. T

h
e
y
 a

re
 h

ig
h
ly

 n
o
n
-

s
ta

tio
n
a
r
y
, in

h
o
m

o
g
e
n
e
o
u
s
, a

n
d
 in

te
r
m

itte
n
t, 

a
n

d
 e

m
b

o
d

y
 a

n
 e

n
o

r
m

o
u

s
 r

a
n

g
e
 o

f
 s

p
a
tia

l 

a
n
d
 te

m
p
o
ra

l s
c
a
le

s
. S

tro
n
g
 c

o
u
p
lin

g
s
 a

c
ro

s
s
 

th
o
s
e
 s

c
a
le

s
 b

e
tw

e
e
n
 tu

r
b

u
le

n
t fl u

id
 d

y
n
a
m

-

ic
s
 a

n
d
 m

ic
r
o
p
h
y
s
ic

a
l p

r
o
c
e
s
s
e
s
 a

r
e
 in

te
g

r
a
l 

to
 c

lo
u
d
 e

v
o
lu

tio
n
 (s

e
e
 th

e
 fi g

u
re

).

T
u

r
b

u
le

n
c
e
 
d

r
iv

e
s
 
e
n

tr
a
in

m
e
n

t, 
s
tir

-

r
in

g
, 

a
n

d
 
m

ix
in

g
 
in

 
c
lo

u
d

s
, 

r
e
s
u

ltin
g

 
in

 

s
tr

o
n

g
 fl u

c
tu

a
tio

n
s
 in

 te
m

p
e
r
a
tu

r
e
, h

u
m

id
-

ity
, a

e
r
o

s
o

l c
o

n
c
e
n

tr
a
tio

n
, a

n
d

 c
lo

u
d

 p
a
r
-

tic
le

 
g

r
o
w

th
 
a
n

d
 
d

e
c
a
y

 
(
 3

)
. 

I
t 

c
o

u
p

le
s
 
to

 

p
h

a
s
e
 tr

a
n

s
itio

n
 p

r
o

c
e
s
s
e
s
 (

s
u

c
h

 a
s
 n

u
c
le

-

a
tio

n
, c

o
n

d
e
n

s
a
tio

n
, a

n
d

 f
r
e
e
z
in

g
)
 a

s
 w

e
ll 

a
s
 p

a
r
tic

le
 c

o
llis

io
n

s
 a

n
d

 b
r
e
a
k

u
p

 (
 4

)
. A

ll 

th
e
s
e
 
p

r
o

c
e
s
s
e
s
 
f
e
e
d

 
b

a
c
k

 
o

n
 
th

e
 
tu

r
b

u
-

le
n

t fl o
w

 b
y

 b
u

o
y

a
n

c
y

 a
n

d
 d

r
a
g

 f
o

r
c
e
s
 a

n
d

 

C
a

n
 W

e
 U

n
d

e
rs

ta
n

d
 C

lo
u

d
s

W
ith

o
u

t Tu
rb

u
le

n
c

e
?

A
T

M
O

S
P

H
E

R
IC

 S
C

IE
N

C
E

E
. B

o
d

e
n

s
c

h
a

tz, 1
, 2 S

. P
. M

a
lin

o
w

s
k

i , 3 R
. A

. S
h

a
w

 , 4 F. S
tra

tm
a

n
n

 5

A
d
van

ces at th
e in

terface b
etw

een
 atm

osp
h
eric 

an
d
 tu
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u
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ce research
 are h

elp
in

g
 to

elu
cid

ate fu
n
d
am

en
tal p

rop
erties of clou

d
s.
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tr
a
n
s
m

itte
d
 b

y
 q

u
a
n
tu

m
 m

e
c
h
a
n
ic

a
l fl u

c
tu

a
-

tio
n
s
 th

a
t ra

d
ia

te
 o

u
t fro

m
 e

a
c
h
 p

a
r
tic

le
 (s

e
e
 

th
e
 fi g

u
re

). In
 tw

o
 d

im
e
n
s
io

n
s
 th

e
s
e
 fl u

c
tu

a
-

tio
n
s
 d

e
c
a
y
 m

o
re

 s
lo

w
ly

 w
ith

 d
is

ta
n
c
e
, re

s
u
lt-

in
g
 in

 s
tro

n
g
e
r in

te
ra

c
tio

n
s
. T

h
e
 fl u

c
tu

a
tio

n
s
 

a
ls

o
 b

e
c
o

m
e
 m

o
r
e
 in

te
n

s
e
 n

e
a
r
 a

 q
u

a
n

tu
m

 

p
h

a
s
e
 tr

a
n

s
itio

n
. M

a
n
y

 o
f
 th

e
 s

u
p

e
r
c
o

n
d

u
c
-

to
rs

 d
is

c
o
v
e
re

d
 in

 th
e
 p

a
s
t d

e
c
a
d
e
 a

re
 in

d
e
e
d

 

la
y
e
re

d
 c

o
m

p
o
u
n
d
s
 c

lo
s
e
 to

 a
 q

u
a
n
tu

m
 p

h
a
s
e
 

tra
n
s
itio

n
 ( 6

,  7
).

R
a
th

e
r th

a
n
 u

s
in

g
 d

ire
c
t c

h
e
m

ic
a
l s

y
n
th

e
-

s
is

, S
h
is

h
id

o
 e

t a
l. tu

r
n
 to

 a
 m

e
th

o
d
 u

s
e
d
 c

o
m

-

m
o
n
ly

 to
 f

a
b
ric

a
te

 s
e
m

ic
o
n
d
u
c
to

r d
e
v
ic

e
s
—

m
o
le

c
u
la

r b
e
a
m

 e
p
ita

x
y
 (M

B
E

), a
 te

c
h
n
iq

u
e
 

in
v
o
lv

in
g
 th

e
 d

ire
c
t d

e
p
o
s
itio

n
 o

f a
to

m
s
 fro

m
 

a
n

 
a
to

m
ic

 
b

e
a
m

 
o

n
to

 
a
 
s
u

b
s
tr

a
te

, 
s
lo

w
ly

 

b
u
ild

in
g
 a

n
 o

rd
e
re

d
 c

r
y
s
ta

l, la
y
e
r b

y
 la

y
e
r ( 8

, 

 9
)
. T

h
e
y

 a
p

p
ly

 th
e
 M

B
E

 m
e
th

o
d

 to
 a

 c
la

s
s
 

o
f
 s

tr
o

n
g

ly
 c

o
r
r
e
la

te
d

 m
e
ta

ls
 c

a
lle

d
 h

e
a
v

y
-

f
e
r
m

io
n

 c
o

m
p

o
u

n
d

s
, m

a
te

r
ia

ls
 th

a
t c

o
n

ta
in

 

a
r
ra

y
s
 o

f ra
re

 e
a
r
th

 a
to

m
s
 th

a
t tra

p
 e

le
c
tro

n
s
 

tig
h
tly

 in
s
id

e
 f o

rb
ita

ls
 w

h
e
re

 th
e
y
 e

x
p
e
rie

n
c
e
 

s
tr

o
n

g
 in

te
r
a
c
tio

n
s
 (

“
h

e
a
v

y
 f

e
r
m

io
n

”
 r

e
f
e
r
s
 

to
 th

e
 v

e
r
y
 la

rg
e
 e

ffe
c
tiv

e
 m

a
s
s
 o

f th
e
 c

h
a
rg

e
 

c
a
r
rie

rs
 in

 th
e
s
e
 m

e
ta

ls
).

S
h

is
h

id
o

 e
t a

l. s
ta

r
t w

ith
 a

 th
r
e
e
-
d

im
e
n

-

s
io

n
a
l 

h
e
a
v

y
-
f
e
r
m

io
n

 
c
o

m
p

o
u

n
d
, 

C
e
I
n

3 . 

I
n

 th
r
e
e
 d

im
e
n

s
io

n
s
, th

e
 f

 e
le

c
tr

o
n

s
 in

 th
is

 

m
a
te

r
ia

l a
r
e
 lo

c
a
liz

e
d

 a
n

d
 a

r
r
a
n

g
e
 th

e
ir

 m
a
g

-

n
e
tic

 p
r
o

p
e
r
tie

s
 to

 f
o

r
m

 a
n

 a
n

tif
e
r
r
o

m
a
g

n
e
t. 

E
a
r
lie

r
 e

x
p

e
r
im

e
n

ts
 s

h
o
w

e
d

 th
a
t u

n
d

e
r
 h

ig
h

 

p
r
e
s
s
u

r
e
 (

 4
)
, th

e
 m

a
g

n
e
tis

m
 c

o
u

ld
 b

e
 s

u
p

-

p
r
e
s
s
e
d
, d

r
iv

in
g

 th
e
 m

a
te

r
ia

l to
 a

 q
u

a
n

tu
m

 

c
r
itic

a
l p

o
in

t w
h

e
r
e
 s

u
p

e
r
c
o

n
d

u
c
tiv

ity
 d

e
v
e
l-

o
p

e
d

. L
a
y
e
r
e
d

 d
e
r
iv

a
tiv

e
s
 o

f
 th

is
 m

a
te

r
ia

l in
 

w
h

ic
h

 th
e
 m

a
g

n
e
tis

m
 w

a
s
 s

o
m

e
tim

e
s
 a

b
s
e
n

t 

a
n

d
 s

u
p

e
r
c
o

n
d

u
c
tiv

ity
 d

e
v
e
lo

p
e
d

 s
p

o
n

ta
n

e
-

o
u

s
ly

 w
e
r
e
 la

te
r
 d

is
c
o
v
e
r
e
d

 (
 6

)
. C

o
u

ld
 o

n
e
 

s
y

s
te

m
a
tic

a
lly

 r
e
p
r
o

d
u

c
e
 th

e
s
e
 e

ff
e
c
ts

 u
s
in

g
 

M
B

E
 m

e
th

o
d

s
?

B
y

 
s
u

c
c
e
s
s
f
u

lly
 
id

e
n

tif
y

in
g

 
th

e
 
c
o

n
d

i-

tio
n

s
 a

n
d

 s
u

b
s
tr

a
te

 n
e
e
d

e
d

 to
 la

y
 d

o
w

n
 la

y
-

e
r
s
 o

f
 h

e
a
v

y
-
e
le

c
tr

o
n

 m
a
te

r
ia

l, S
h

is
h

id
o

 e
t 

a
l. s

y
s
te

m
a
tic

a
lly

 lo
w

e
r
 th

e
 d

im
e
n

s
io

n
a
lity

 

o
f
 C

e
I
n

3 . T
h

e
y

 d
o

 th
is

 b
y

 in
tr

o
d

u
c
in

g
 a

lte
r-

n
a
tin

g
 la

y
e
rs

 o
f m

a
g
n
e
tic

 C
e
In

3  a
n
d
 n

o
n
m

a
g
-

n
e
tic

 
L

a
I
n

3 , 
w

h
ic

h
 
is

 
a
 
w

e
a
k

ly
 
in

te
r
a
c
tin

g
 

m
e
ta

l. T
h

e
y

 h
a
v
e
 p

r
e
p

a
r
e
d

 a
 f

a
m

ily
 o

f
 s

u
c
h

 

c
o

m
p

o
u

n
d

s
 c

o
n

ta
in

in
g

 v
a
r
ia

b
le

 th
ic

k
n

e
s
s
e
s
 

o
f
 c

e
r
iu

m
 la

y
e
r
s
. W

ith
 e

ig
h

t c
e
r
iu

m
 la

y
e
r
s
 

th
e
 m

a
te

r
ia

l b
e
h
a
v
e
d
 lik

e
 th

r
e
e
-
d
im

e
n
s
io

n
a
l 

C
e
I
n

3 , w
ith

 a
 m

a
g
n
e
tic

 p
h
a
s
e
 tr

a
n
s
itio

n
, b

u
t 

a
s
 th

e
y
 re

d
u
c
e
d
 th

e
 n

u
m

b
e
r o

f c
e
riu

m
 la

y
e
rs

, 

th
e
y

 f
o

u
n

d
 th

a
t th

e
 r

e
d

u
c
e
d

 d
im

e
n

s
io

n
a
lity

 

s
u
p
p
r
e
s
s
e
d
 th

e
 te

m
p
e
r
a
tu

r
e
 o

f
 th

e
 m

a
g
n
e
tic

 

p
h

a
s
e
 tr

a
n

s
itio

n
, d

r
iv

in
g

 it to
 a

b
s
o

lu
te

 z
e
r
o

 

(
0

K
)
 b

y
 th

e
 tim

e
 th

e
y

 h
a
d

 r
e
a
c
h

e
d

 th
e
 tw

o
-

la
y
e
r s

y
s
te

m
.

T
w

o
 f

a
s
c
in

a
tin

g
 p

r
o

p
e
r
tie

s
 d

e
v
e
lo

p
e
d

 in
 

th
e
 tw

o
-
la

y
e
r
 s

y
s
te

m
, s

u
g

g
e
s
tin

g
 th

a
t it lie

s
 

r
ig

h
t 

a
t 

a
 
q

u
a
n

tu
m

 
p

h
a
s
e
 
tr

a
n

s
itio

n
. 

F
ir

s
t, 

S
h
is

h
id

o
 e

t a
l. fo

u
n
d
 th

a
t th

e
 re

s
is

ta
n
c
e
 o

f th
is

 

m
a
te

r
ia

l is
 v

e
r
y
 s

e
n
s
itiv

e
 to

 m
a
g
n
e
tic

 fi e
ld

s
, 

a
n

 in
d

ic
a
tio

n
 o

f
 s

c
a
tte

r
in

g
 o

f
 e

le
c
tr

o
n

s
 o

ff
 

th
e
 s

o
ft m

a
g
n
e
tic

 fl u
c
tu

a
tio

n
s
 a

ro
u
n
d
 a

 m
a
g
-

n
e
tic

 q
u
a
n
tu

m
 p

h
a
s
e
 tr

a
n
s
itio

n
. S

e
c
o
n
d
, th

e
 

te
m

p
e
r
a
tu

r
e
 (T

)
 d

e
p

e
n

d
e
n

c
e
 o

f
 th

e
 r

e
s
is

tiv
-

ity
 c

h
a
n
g
e
d
 q

u
a
lita

tiv
e
ly

 a
s
 th

e
 d

im
e
n
s
io

n
a
l-

ity
 o

f
 th

e
 c

r
y

s
ta

l d
e
c
r
e
a
s
e
d
, s

h
if

tin
g

 f
r
o

m
 a

 

T
 2 d

e
p
e
n
d
e
n
c
e
 e

x
p
e
c
te

d
 in

 c
o
n
v
e
n
tio

n
a
l m

e
t-

a
ls

 to
 a

 lin
e
a
r d

e
p
e
n
d
e
n
c
e
 o

n
 te

m
p
e
ra

tu
re

—

b
e
h
a
v
io

r c
h
a
ra

c
te

ris
tic

 o
f in

e
la

s
tic

 s
c
a
tte

rin
g

 

o
ff s

p
in

 fl u
c
tu

a
tio

n
s
.

T
h

e
s
e
 
e
x

p
e
r
im

e
n

ts
 
a
r
e
 
a
 
m

ile
s
to

n
e
 
in

 

th
e
 a

p
p

lic
a
tio

n
 o

f
 M

B
E

 m
e
th

o
d

s
 to

 la
y
e
r
e
d
 

in
te

r
m

e
ta

llic
 m

a
te

r
ia

ls
, s

h
o
w

in
g

 th
a
t th

e
s
e
 

m
e
th

o
d

s
 
c
a
n

 
b

e
 
s
u

c
c
e
s
s
f
u

lly
 
u

s
e
d

 
to

 
tu

n
e
 

th
e
 
d

im
e
n

s
io

n
a
lity

 
a
n

d
 
in

c
r
e
a
s
e
 
th

e
 
e
le

c
-

tr
o
n
 in

te
r
a
c
tio

n
s
 in

 th
e
s
e
 k

in
d
s
 o

f
 m

a
te

r
ia

ls
. 

A
lth

o
u

g
h

 
th

e
 
c
u

r
r
e
n

t 
e
x

p
e
r
im

e
n

ts
 
d

id
 
n

o
t 

o
b

s
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        J
ust over 50 years ago, Henry Hough-

ton published an essay in Science enti-

tled “Cloud physics: Not all questions 

about nucleation, growth, and precipita-

tion of water particles are yet answered” 

( 1). Since then, understanding of cloud pro-

cesses has advanced enormously, yet we still 

face some of the basic questions Houghton 

drew attention to. The interest in fi nding the 

answers, however, has steadily increased, 

largely because clouds are a primary source 

of uncertainty in projections of future climate 

( 2). Why is our understanding of cloud pro-

cesses still so inadequate, and what are the 

prospects for the future?

Clouds are dispersions of drops and ice 

particles embedded in and interacting with a 

complex turbulent fl ow. They are highly non-

stationary, inhomogeneous, and intermittent, 

and embody an enormous range of spatial 

and temporal scales. Strong couplings across 

those scales between turbulent fl uid dynam-

ics and microphysical processes are integral 

to cloud evolution (see the fi gure).

Turbulence drives entrainment, stir-

ring, and mixing in clouds, resulting in 

strong fl uctuations in temperature, humid-

ity, aerosol concentration, and cloud par-

ticle growth and decay ( 3). It couples to 

phase transition processes (such as nucle-

ation, condensation, and freezing) as well 

as particle collisions and breakup ( 4). All 

these processes feed back on the turbu-

lent fl ow by buoyancy and drag forces and 

Can We Understand Clouds

Without Turbulence?
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transmitted by quantum mechanical fl uctua-

tions that radiate out from each particle (see 

the fi gure). In two dimensions these fl uctua-

tions decay more slowly with distance, result-

ing in stronger interactions. The fl uctuations 

also become more intense near a quantum 

phase transition. Many of the superconduc-

tors discovered in the past decade are indeed 

layered compounds close to a quantum phase 

transition ( 6,  7).

Rather than using direct chemical synthe-

sis, Shishido et al. turn to a method used com-

monly to fabricate semiconductor devices—

molecular beam epitaxy (MBE), a technique 

involving the direct deposition of atoms from 

an atomic beam onto a substrate, slowly 

building an ordered crystal, layer by layer ( 8, 

 9). They apply the MBE method to a class 

of strongly correlated metals called heavy-

fermion compounds, materials that contain 

arrays of rare earth atoms that trap electrons 

tightly inside f orbitals where they experience 

strong interactions (“heavy fermion” refers 

to the very large effective mass of the charge 

carriers in these metals).

Shishido et al. start with a three-dimen-

sional heavy-fermion compound, CeIn
3
. 

In three dimensions, the f electrons in this 

material are localized and arrange their mag-

netic properties to form an antiferromagnet. 

Earlier experiments showed that under high 

pressure ( 4), the magnetism could be sup-

pressed, driving the material to a quantum 

critical point where superconductivity devel-

oped. Layered derivatives of this material in 

which the magnetism was sometimes absent 

and superconductivity developed spontane-

ously were later discovered ( 6). Could one 

systematically reproduce these effects using 

MBE methods?

By successfully identifying the condi-

tions and substrate needed to lay down lay-

ers of heavy-electron material, Shishido et 

al. systematically lower the dimensionality 

of CeIn
3
. They do this by introducing alter-

nating layers of magnetic CeIn
3
 and nonmag-

netic LaIn
3
, which is a weakly interacting 

metal. They have prepared a family of such 

compounds containing variable thicknesses 

of cerium layers. With eight cerium layers 

the material behaved like three-dimensional 

CeIn
3
, with a magnetic phase transition, but 

as they reduced the number of cerium layers, 

they found that the reduced dimensionality 

suppressed the temperature of the magnetic 

phase transition, driving it to absolute zero 

(0K) by the time they had reached the two-

layer system.

Two fascinating properties developed in 

the two-layer system, suggesting that it lies 

right at a quantum phase transition. First, 

Shishido et al. found that the resistance of this 

material is very sensitive to magnetic fi elds, 

an indication of scattering of electrons off 

the soft magnetic fl uctuations around a mag-

netic quantum phase transition. Second, the 

temperature (T) dependence of the resistiv-

ity changed qualitatively as the dimensional-

ity of the crystal decreased, shifting from a 

T 2 dependence expected in conventional met-

als to a linear dependence on temperature—

behavior characteristic of inelastic scattering 

off spin fl uctuations.

These experiments are a milestone in 

the application of MBE methods to layered 

intermetallic materials, showing that these 

methods can be successfully used to tune 

the dimensionality and increase the elec-

tron interactions in these kinds of materials. 

Although the current experiments did not 

observe any emergent superconductivity at 

the magnetic quantum phase transition, this 

next milestone may not be far away. In the 

current samples, the resistivity of the most 

two-dimensional samples is large, an effect 

the authors attribute to interdiffusion of lan-

thanum and cerium between layers ( 3). The 

scattering this creates is well known to break 

up the electron pairs needed for superconduc-

tivity. Future experiments, replacing the lan-

thanum with smaller transition metal ions, 

may well be able to solve this problem. 
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affect cloud dynamical processes up to 

the largest scales ( 5– 7).

To a large extent, understanding of 

clouds has come through the study of two 

phenomena: cloud microphysical pro-

cesses in nonturbulent fl uids, and large-

scale cloud circulation and dynamics. At 

the same time, understanding of the phys-

ics of fully developed turbulent fl ows has 

advanced rapidly. For example, sophisti-

cated laboratory apparatus now allows the 

study of nucleation and growth of cloud 

particles under well-controlled condi-

tions ( 8). Computational models ranging 

from the cloud to the global scale eluci-

date detailed interactions between aerosols 

and cloud dynamics ( 9). And three-dimen-

sional particle tracking and fully resolved 

turbulence simulations have substantially 

advanced our understanding of turbulent 

transport and mixing ( 10).

The frontier in cloud physics, and the 

challenge in understanding cloud pro-

cesses, lies at the intersection of these two 

fi elds ( 11). For example, high-resolution 

measurements of temperature, liquid water 

content, aerosol properties, and airflow 

reveal fascinating small-scale cloud struc-

tures, invisible with earlier technology ( 3, 

 12). Laboratory experiments and numeri-

cal simulations are providing detailed 

information on cloud microphysics ( 8), 

turbulent dynamics ( 13), and interactions 

and collisions between droplets ( 14,  15). 

Scale-resolving simulations that merge 

methods from the cloud and turbulence 

communities are elucidating the wide vari-

ety of circulation regimes ( 16). These tools 

allow the full complexity of microphysical 

and fl uid-dynamical interactions in clouds 

to be explored (see the fi gure).

Two examples illustrate this further. 

First, computational, laboratory, and fi eld 

studies ( 17,  18) have explored two funda-

mentally different regimes for the inter-

play between turbulent mixing and droplet 

growth and evaporation. At large scales, 

mixing occurs at sharp fronts and fi elds are 

inhomogeneous, whereas at small scales, 

mixing is smooth and homogeneous. These 

regimes strongly affect spatiotemporal 

droplet growth and evaporation, with impli-

cations for precipitation initiation and radia-

tive properties of clouds.

Second, recent research has changed our 

understanding of rain formation. Rain forma-

tion has long been attributed to collisions and 

subsequent coalescence resulting from cloud 

particles falling at different terminal speeds in 

a quiescent fl uid. This view neglected the fact 

that clouds are turbulent. Turbulence provides 

a random acceleration term to compete with 

the gravitational sedimentation, resulting in 

complex particle trajectories that cross fl uid 

streamlines and lead to spatially clustered par-

ticle distributions (see the fi gure). This process 

substantially enhances collision rates, thus 

reducing the time required to form precipita-

tion in clouds ( 15,  19).

With these advances we can better address 

some of Houghton’s persistent questions ( 1). 

Laboratory facilities are being developed for 

studying droplet activation, ice nucleation, 

and condensational growth in fl ows with real-

istic turbulence and thermodynamics condi-

tions. Lagrangian particle tracking can elu-

cidate cloud particle dynamics in the labora-

tory as well as in real clouds. Scale-resolving 

numerical simulations have begun to capture 

the interplay of turbulent mixing and nonlin-

ear phase transitions. The resulting insights 

will enable the development of hierarchies of 

models for predicting how small-scale pro-

cesses couple to the larger scales and how this 

coupling affects weather and climate.  
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A matter of scale. Turbulence on scales from hun-
dreds of meters to fractions of millimeters affects 
the formation and dynamics of clouds, with con-
sequences extending to the scale of weather and 
global climate. CCN, cloud condensation nuclei.
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FIG. 1. (a) Snapshot of the initial locations of the droplets (randomly distributed) with a mean size of
10 µm and standard deviation of 2 µm. (b) Droplet positions at t ′ = 0.024 s. ! = 10 m2/s. Origin represents
the center of the vortex. The droplets which start their journey from within the critical radius of caustics
are colored green (dark grey), others red (light grey). Subsequently if in a merging event, at least a caustics
droplet is involved, the resulting droplet is colored black. The size of the black droplets is scaled up for better
visualization.

Given the low particle volume fraction, only binary collisions are assumed to take place. At the
beginning of every simulation time interval [t,t + "t], all pairs of droplets (i,j ) are checked for
potential collision by calculating the time "t (ij ) = ((a(i) + a(j )) − r (ij ))/v(ij ), at which they would
touch if they continued to move in straight trajectories. The superscript (ij ) denotes a relative
quantity between the ith and j th droplets. If 0 < "t (ij ) < "t , the droplets are deemed to collide at
(t + "t (ij )). For more details, see Ref. [20]. However, not all collisions need result in coalescence;
for instance, if the droplets do not approach each other with sufficient kinetic energy to expel the
intervening air film, they will bounce away. Based on approach conditions such as collision angle,
relative velocity between the colliding droplets and the ratio of droplet sizes, we determine whether
two colliding droplets will bounce or merge (see Ref. [21] for details). Since cloud droplets are
small (a < 100 µm), the probability of fragmentation on collision is neglected [22]. Bounce and
coalescence events are treated as elastic and inelastic collisions, respectively, with droplets always
remaining spherical.

IV. RESULTS AND DISCUSSION

For brevity we refer to droplets located initially within rc = 0.55
√

(2π ) as caustics droplets.
We color these droplets green and other droplets red [Fig. 1(a)]. In the course of the simulation,
droplets resulting from coalescence events involving at least one caustics droplet are colored black
and remain black subsequently. The fraction of large droplets at the end of the simulation which are
black give a measure of coalescence induced by caustics.

In Fig. 1 we present the snapshots of droplet positions at the beginning and end of a typical
simulation (see also movie 1 in the Supplemental Material [23]). The simulation time is chosen
long enough for most of the high-velocity particles to overtake the outer slow-moving particles [see
Fig. 1(b)], beyond which almost no more collision events are expected to occur. The large droplets,
which are centrifuged out the farthest (order of metres in a fraction of a second), are invariably black,
i.e., caustics droplets were involved in their creation. Note that the time taken is far shorter than a
typical lifetime of vortices of such circulations in turbulent flows of Reynolds numbers typical of a
cloud. Though large droplets form only a small fraction of the total population, a dramatic change
this causes in the caustics radius, as shown below, will lead to significant droplet growth.

024305-4

DYNAMICS OF CIRCULAR ARRANGEMENTS OF . . . PHYSICAL REVIEW E 94, 013105 (2016)

FIG. 14. Contours of vorticity showing the time evolution of a six-vortex configuration at Re! = 1.5 × 105. The different snapshots are
at times (in units of T! ≈ 0.74) t = 0.09 (top left), t = 6.42 (top center), t = 10.64 (top right), t = 12.75 (middle left), t = 14.86 (middle
center), t = 15.71 (middle right), t = 16.13 (bottom left), and t = 16.55 (bottom center), and t = 16.89 (bottom right).

that appear at high Reynolds number, we discretized the
computational domain with 40962 collocation grid points. We
find that the dynamics strongly depends on whether the number
of vortices are even or odd (a feature not observed in linear
stability).

1. Six-vortex merger, Re! = 1.5 × 105

We begin with an even number (six) of vortices arranged,
as before, on the vertices of a regular polygon. The plot in
Fig. 14 shows the time evolution of the vorticity contours
during the merger process. Initially, the dynamics proceeds in
a manner similar to that at moderate Reynolds number. The
vortices start to rotate in the counterclockwise direction and
try to form an annularlike structure. The annulus, however, is
never formed. The six vortices undergo an asymmetric merger
to first form four vortices, which are not identical. The two
located diametrically opposite to each other, which came from

the merger events, are larger. This is followed by another pair
of mergers to give two vortices, with a lot of fine filamentary
structure in the neighborhood. Thus it is seen that reducing the
viscosity reduces the propensity to form an annulus, and other,
less regular dynamics intervenes.

2. Eight-vortex merger, Re! = 2 × 105

We now examine a multiple of four (i.e., eight) vortices
on the vertices of a regular polygon, in Fig. 15. Now the
first merger event is perfectly symmetric, with four pairwise
mergers yielding four identical vortices. The perfect symmetry
of this case is preserved through most of the later dynamics,
whereas this is not possible in the six- and nine-vortex cases.
Here the four-vortex structure continues to decay until, at a
later stage, these vortices further merge to form a tripolar
vortex.
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FIG. 8. Contour-plot of SijSij. The negative of this quantity, Q̂, is the Okubo-Weiss parameter, which is proportional to the
divergence of particle velocity.

divergence of particle velocity equal to

∇ · v̂ = St Q̂, (8)

where Q̂ is the Okubo-Weiss parameter in the rotating frame.
The quantity (SijSij) is plotted in Figure 8, and seen to be positive in the vicinity of the attracting

fixed point, making the Okubo-Weiss parameter negative; we thus satisfy the necessary condition
for the existence of attracting fixed points, in a neighborhood where fluid particles follow elliptical
streamlines.

IV. NAVIER-STOKES SIMULATIONS

We now substantiate our results by studying the above flow in a more realistic setting: by
including viscosity and beginning with Lamb-Oseen vortices, in contrast to the point vortices of
Sec. III. The flow obeys the two-dimensional Navier-Stokes equations

Dtω = ν∇2ω, ∇2ψ = ω, (9)

where ω is the vorticity, ν is the kinematic viscosity, ψ is the streamfunction, i.e., u = (−∂yψ , ∂xψ),
and Dt ≡ ∂ t + u · ∇ is the material derivative. Particles obey Eq. (2). We use a square domain
with each side of length L = 2π and employ periodic boundary conditions. Equations (9), and the
continuity equation are numerically integrated using a pseudo-spectral method. Time-advancement
is done using an exponential Adams-Bashforth scheme. Space is discretized with N2 collocation
grid points. We have verified (not shown here) that grid-convergence is achieved by conducting
simulations with varying grid resolutions N = 128 and N = 256 and obtaining the same results. In
what follows, we have used N = 256 unless stated otherwise.

We initialize the simulation with two Gaussian vortices positioned at (x1, y1) and (x2, y2), of
vorticity

ω1(x, y) = ω0 exp[−(r1/r0)2] (10)

and

ω2(x, y) = ω0 exp[−(r2/r0)2]. (11)

Here, r0 is the width of the vortex, ω0 denotes the vortex amplitude, r2
1 = (x − x1)2 + (y − y1)2

and r2
2 = (x − x2)2 + (y − y2)2, and the separation between the centers of the vortices ℓ ≡ (y2 −

y1)2 + (x2 − x1)2 is kept fixed at ℓ = 0.9818 (we obtain this value because we choose an integer
number of grid-spacings). We fix r0 = π /32, ω0 = 211/π ≈ 652 (these values are tuned so that the
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PERSPECTIVES

        J
ust over 50 years ago, Henry Hough-

ton published an essay in Science enti-

tled “Cloud physics: Not all questions 

about nucleation, growth, and precipita-

tion of water particles are yet answered” 

( 1). Since then, understanding of cloud pro-

cesses has advanced enormously, yet we still 

face some of the basic questions Houghton 

drew attention to. The interest in fi nding the 

answers, however, has steadily increased, 

largely because clouds are a primary source 

of uncertainty in projections of future climate 

( 2). Why is our understanding of cloud pro-

cesses still so inadequate, and what are the 

prospects for the future?

Clouds are dispersions of drops and ice 

particles embedded in and interacting with a 

complex turbulent fl ow. They are highly non-

stationary, inhomogeneous, and intermittent, 

and embody an enormous range of spatial 

and temporal scales. Strong couplings across 

those scales between turbulent fl uid dynam-

ics and microphysical processes are integral 

to cloud evolution (see the fi gure).

Turbulence drives entrainment, stir-

ring, and mixing in clouds, resulting in 

strong fl uctuations in temperature, humid-

ity, aerosol concentration, and cloud par-

ticle growth and decay ( 3). It couples to 

phase transition processes (such as nucle-

ation, condensation, and freezing) as well 

as particle collisions and breakup ( 4). All 

these processes feed back on the turbu-

lent fl ow by buoyancy and drag forces and 

Can We Understand Clouds

Without Turbulence?

ATMOSPHERIC SCIENCE
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transmitted by quantum mechanical fl uctua-

tions that radiate out from each particle (see 

the fi gure). In two dimensions these fl uctua-

tions decay more slowly with distance, result-

ing in stronger interactions. The fl uctuations 

also become more intense near a quantum 

phase transition. Many of the superconduc-

tors discovered in the past decade are indeed 

layered compounds close to a quantum phase 

transition ( 6,  7).

Rather than using direct chemical synthe-

sis, Shishido et al. turn to a method used com-

monly to fabricate semiconductor devices—

molecular beam epitaxy (MBE), a technique 

involving the direct deposition of atoms from 

an atomic beam onto a substrate, slowly 

building an ordered crystal, layer by layer ( 8, 

 9). They apply the MBE method to a class 

of strongly correlated metals called heavy-

fermion compounds, materials that contain 

arrays of rare earth atoms that trap electrons 

tightly inside f orbitals where they experience 

strong interactions (“heavy fermion” refers 

to the very large effective mass of the charge 

carriers in these metals).

Shishido et al. start with a three-dimen-

sional heavy-fermion compound, CeIn
3
. 

In three dimensions, the f electrons in this 

material are localized and arrange their mag-

netic properties to form an antiferromagnet. 

Earlier experiments showed that under high 

pressure ( 4), the magnetism could be sup-

pressed, driving the material to a quantum 

critical point where superconductivity devel-

oped. Layered derivatives of this material in 

which the magnetism was sometimes absent 

and superconductivity developed spontane-

ously were later discovered ( 6). Could one 

systematically reproduce these effects using 

MBE methods?

By successfully identifying the condi-

tions and substrate needed to lay down lay-

ers of heavy-electron material, Shishido et 

al. systematically lower the dimensionality 

of CeIn
3
. They do this by introducing alter-

nating layers of magnetic CeIn
3
 and nonmag-

netic LaIn
3
, which is a weakly interacting 

metal. They have prepared a family of such 

compounds containing variable thicknesses 

of cerium layers. With eight cerium layers 

the material behaved like three-dimensional 

CeIn
3
, with a magnetic phase transition, but 

as they reduced the number of cerium layers, 

they found that the reduced dimensionality 

suppressed the temperature of the magnetic 

phase transition, driving it to absolute zero 

(0K) by the time they had reached the two-

layer system.

Two fascinating properties developed in 

the two-layer system, suggesting that it lies 

right at a quantum phase transition. First, 

Shishido et al. found that the resistance of this 

material is very sensitive to magnetic fi elds, 

an indication of scattering of electrons off 

the soft magnetic fl uctuations around a mag-

netic quantum phase transition. Second, the 

temperature (T) dependence of the resistiv-

ity changed qualitatively as the dimensional-

ity of the crystal decreased, shifting from a 

T 2 dependence expected in conventional met-

als to a linear dependence on temperature—

behavior characteristic of inelastic scattering 

off spin fl uctuations.

These experiments are a milestone in 

the application of MBE methods to layered 

intermetallic materials, showing that these 

methods can be successfully used to tune 

the dimensionality and increase the elec-

tron interactions in these kinds of materials. 

Although the current experiments did not 

observe any emergent superconductivity at 

the magnetic quantum phase transition, this 

next milestone may not be far away. In the 

current samples, the resistivity of the most 

two-dimensional samples is large, an effect 

the authors attribute to interdiffusion of lan-

thanum and cerium between layers ( 3). The 

scattering this creates is well known to break 

up the electron pairs needed for superconduc-

tivity. Future experiments, replacing the lan-

thanum with smaller transition metal ions, 

may well be able to solve this problem. 
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FIG. 1. PDF of the longitudinal velocity differences conditioned on different separations r for (a) St = 0.05, (b) St = 0.2 ,
(c) St = 0.3, and (d) St = 0.5. Symbols are from experiments and solid lines from DNS. Squares/purple correspond to r = 1
− 1.6η, circles/cyan to r = 3–3.6η, and triangles/gold to r = 5–5.6η. Note that unlike the DNS, the experimental droplets
are not perfectly mono-disperse (details in text). Inset of (c): PDF for r = 1–1.6η and from bottom to top: St = 0.05, 0.3, 0.5.

skewness is well documented for fluid tracers, here we show that the skewness is further enhanced
by particle inertia over the range of scales observed. The mechanism of this enhancement essentially
involves occurrence of slings and subsequent damping by viscous drag. As seen in the inset, the
advection dominated cores of the PDF do not change while the tails grow wider with increasing St,
which makes the PDF more concave than that of fluid tracers. This observation is consistent with the
existence of a velocity scale ∼r/τ p that separates the fluid-advection-dominated core of the PDFs
from the inertia-dominated tails.6

Quantitatively, we found the differences between experiments and simulations to be less than
about 15% in the core of the distributions. Similarly, we found excellent agreement in the tails of
the distributions, but only for the largest Stokes number (St = 0.5), the smallest scale (r < 2 η), and
for the left side corresponding to approaching particle pairs. In other cases, the experimental tails of
the PDFs increasingly deviate from the simulated ones as one moves to higher relative velocities.
The discrepancy is larger in the right tails, corresponding to separating pairs, where in worst case
the experimental data are about 5 times the DNS data. In the left tails, the discrepancy is less severe,
but worsens with decreasing St, with the largest discrepancy at a factor of two.

In the case of St = 0.5 (Fig. 1(d)), the discrepancy in the right tails seems at first glance
to contradict the good agreement observed for the left tails. Here, effects beyond linear Stokes
drag maybe at play (e.g., the Basset history force, the added mass, and nonlinear drag forces).
For example, there is some indication in recent numerical simulations that the history force plays
an important role under some conditions.11 In any case, we could not find a clear explanation for
the discrepancies, despite considering several possibilities including measurement uncertainty. To

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
158.144.177.11 On: Mon, 17 Nov 2014 13:13:54
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• Multiple length and time scales 
• Exotic structure: Vortices and straining regions
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A Link RAPID COMMUNICATIONS

BEC, RAY, SAW, AND HOMANN PHYSICAL REVIEW E 93, 031102(R) (2016)

system (1)-(2) then reduces to

ṅi = 1
2

i−1∑

j=1

λ∞
i−j,j ni−j nj −

∞∑

j=1

λ∞
i,j ni nj . (4)

This is the celebrated Smoluchowski coagulation equation
[23]. The stationary rates λ∞

i,j are usually referred to as
the collection or coalescence kernels. The work cited above
on particle inertia was actually devoted to estimating their
dependence upon particle sizes and the turbulent fluctuations
of the carrier flow. The kinetic model (4) leads to predictions
concerning the short-time increase of the ni’s. At the early
stages of particle growth, the number n1 of monomers remains
almost constant and creations are dominant in the population
balance. We thus get ṅ2 ≃λ∞

1,1n
2
1/2, so that n2(t) ≃n2

1λ
∞
1,1 t/2.

For the next size, we have ṅ3 ≃λ∞
1,2n1n2 and thus n3(t) ≃

n3
1λ

∞
1,1λ

∞
1,2t

2/4. We obtain recursively

ni(t) ≃ni
1(t/ti)i−1, (5)

where the times ti are averages of the times 1/λ∞
j,k associated

to the different combinations of coalescences j⃝ + k⃝ that
are necessary to form a particle i⃝. The consistency of the
assumptions can be checked a posteriori: The creation terms
in (4) are always ∝ t i−2 and thus prevail at short times over the
dominant destruction term ∝ t i−1.

The main assumption leading to Smoluchowski kinetics (4)
is a convergence of the coalescence rate to its limiting value
λ∞

i,j much faster than the evolution of ni . This is ensured for
instance when the particles are very dense. For explaining the
formation of large particles in a dilute suspension, these time
scales are in general not sufficiently separated. The sudden
appearance of sizable aggregates requires a brisk sequence of
coalescences that are very likely to be correlated to each other.
When, in addition, the coalescing species are transported by a
turbulent flow, such correlations speed up the growth of large
particles.

A statistically steady turbulent flow involves interactions
between eddies of various sizes, ranging from the integral
scale L, where kinetic energy is injected at a rate ε, down
to the dissipative scale η = ν3/4/ε1/4 below which viscous
damping dominates (ν denotes the kinematic viscosity of the
fluid). The degree of turbulence grows with the extension of
this spatial span and is measured by the Reynolds number
Re = (L/η)4/3. The intermediate scales between η and L
define the inertial range through which energy cascades with
a rate ε. Dimensional arguments suggest that the velocity
increments between two points separated by a distance r in the
inertial range behave as ur ∼ (εr)1/3. Such a phenomenology,
referred to as Kolmogorov 1941, is often enough for capturing
the most significant effects of turbulent fluctuations; in
reality the scaling properties display slight deviations, due
to intermittency, from this dimensional prediction [24,25].

The breakdown of scale invariance is much more striking
for mixing statistics, owing to the fact that turbulence mingles
together fluid elements in a robust manner. This pops up with
the presence of quasidiscontinuities in the Lagrangian map
where materials originating from distinct regions of the flow
are violently brought together [see Fig. 1 (left)]. The emer-
gence of such fronts is due to the inertial-range roughness of

time τ

R

R

r

r
i

j

k

i
j

k

FIG. 1. Left: Distance traveled by fluid elements in a three-
dimensional turbulent flow during one large-eddy turnover time. Long
(white) and short (purple) distances, represented here as a function
of the final position in a two-dimensional slice, define an intricate
landscape with fronts where particles coming from far apart meet
together. Right: Sketch of the event leading to correlated successive
collisions. At the initial time (top), two particles i and k are located at
a collision distance r ! η, while a third one j is at distance r ′ ≫ η far
from them. A time τ later (bottom) j has approached i at a distance
R′ ! η while k, having collided or not, has escaped to R ≫ η.

the velocity field and the associated nonuniqueness of fluid ele-
ment trajectories. Two initially separate tracers x1(t) and x2(t)
that closely approach each other become indistinguishable
and separate afterwards following Richardson’s superdiffusion
|x1(t) − x2(t)|2 ∼ εt3. Still, when interested in more than two
fluid elements, this explosive behavior is constrained by the
underlying presence of statistical conservation laws induced
by the spatial correlations of the velocity field [20,21,26].
There exists specific functions of the shape and size of a cloud
of n tracers that on average do not vary with time. Such zero
modes are known to yield anomalous scaling in the statistics
of an advected passive scalar θ . Its structure functions behave
in the inertial range as ⟨(θ (x + r) − θ (x))n⟩ ∼ |r|n/3−δn where
the discrepancies δn of the exponents from their dimensional
prediction relate to the anomalous scaling of the transition
probability of the distances between n tracers. As we will
now see, the behavior of the three-point motion is in fact of
relevance to coalescences.

In dilute suspensions, a coalescence results from two
successive processes. First, the turbulent flow needs to bring
two initially separate particles at a sufficiently close distance
!η. Second, these close particles need to actually merge,
and this involves various microphysical mechanisms (particle
inertia, hydrodynamical interactions, surface effects). This
leads us to write the coalescence rate as a product of two
contributions:

λi,j (τ ) ≈ λturb
i,j (τ ) × λmicro

i,j . (6)

The contribution from turbulent transport can be written

λturb
i,j (τ ) ≈

∫
uηp3(R,η,τ |η,r ′,0)(r ′2/L3)dr ′dR (7)

involving the transition probability p3 of the three-point
motion. More specifically, two successive collisions occur
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system (1)-(2) then reduces to
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λ∞
i,j ni nj . (4)
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FIG. 1. Left: Distance traveled by fluid elements in a three-
dimensional turbulent flow during one large-eddy turnover time. Long
(white) and short (purple) distances, represented here as a function
of the final position in a two-dimensional slice, define an intricate
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together. Right: Sketch of the event leading to correlated successive
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a collision distance r ! η, while a third one j is at distance r ′ ≫ η far
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that closely approach each other become indistinguishable
and separate afterwards following Richardson’s superdiffusion
|x1(t) − x2(t)|2 ∼ εt3. Still, when interested in more than two
fluid elements, this explosive behavior is constrained by the
underlying presence of statistical conservation laws induced
by the spatial correlations of the velocity field [20,21,26].
There exists specific functions of the shape and size of a cloud
of n tracers that on average do not vary with time. Such zero
modes are known to yield anomalous scaling in the statistics
of an advected passive scalar θ . Its structure functions behave
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the discrepancies δn of the exponents from their dimensional
prediction relate to the anomalous scaling of the transition
probability of the distances between n tracers. As we will
now see, the behavior of the three-point motion is in fact of
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In dilute suspensions, a coalescence results from two
successive processes. First, the turbulent flow needs to bring
two initially separate particles at a sufficiently close distance
!η. Second, these close particles need to actually merge,
and this involves various microphysical mechanisms (particle
inertia, hydrodynamical interactions, surface effects). This
leads us to write the coalescence rate as a product of two
contributions:

λi,j (τ ) ≈ λturb
i,j (τ ) × λmicro

i,j . (6)

The contribution from turbulent transport can be written
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∫
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involving the transition probability p3 of the three-point
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The role of the spatial structure of a turbulent flow in enhancing particle collision rates
in suspensions is an open question. We show and quantify, as a function of particle inertia,
the correlation between the multiscale structures of turbulence and particle collisions:
Straining zones contribute predominantly to rapid head-on collisions compared to vortical
regions. We also discover the importance of vortex-strain worm-rolls, which goes beyond
ideas of preferential concentration and may explain the rapid growth of aggregates in
natural processes, such as the initiation of rain in warm clouds.
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Turbulence is riddled with a hierarchy of interacting vortical and straining structures (Fig. 1),
which are closely related to its characteristic intermittent and non-Gaussian statistics [1– 6]. The
most intense structures typically occur near each other, in the form of vortex tubes surrounded
by straining sheets, as shown in Fig. 1. This organization—a sort of vortex-strain worm-rolls—is
characteristic of turbulent flows [7– 10], and its origin and dynamical implications continue to be
investigated [11– 16]. These structures distinguish fully developed turbulence from purely random
flow fields, and must play an important role in many aspects of turbulent transport. The most
important of these—because it remains central to our understanding of phenomena as diverse as the
formation of planets in circumstellar disks [17] or the initiation of rain in warm clouds [18,19]—is
the growth of macroscopic aggregates, due to collisions and coalescences, from nuclei-particles
(dust or aerosols) suspended in a turbulent flow. The role of the underlying turbulent carrier flow
is critical: Estimates of, e.g., the growth rate of these aggregates in the absence of such flows
do not agree with that seen in nature [20]. Indeed, the explanation of such rapid growth through
coalescence, demonstrated [21– 23] and quantified in terms of flow statistics [20,24,25], is rooted in
the ability of turbulent flows to enhance the rate of collisions between nuclei seed particles.

A critical discovery, made by Bec, et al. [22], was the precise connection between the intermittent
(multiscaling) nature of the carrier turbulent flow and the accelerated growth of aggregates. And yet
the implied correlation between the structure of the flow and droplet collisions and coalescences
remains unknown. Indeed, there is evidence to suggest that flow structures matter. But the question
is how and when.

In this paper we answer this question comprehensively, based on direct numerical simulations
(DNSs), and show how straining regions are intrinsically more effective at generating collisions
than vortical ones even for uniformly distributed inertia-less particles. Particle inertia widens this

*jrpicardo@icts.res.in; picardo21@gmail.com
† lokahith.agasthya@students.iiserpune.ac.in
‡ rama@icts.res.in
§ samriddhisankarray@gmail.com

2469-990X/2019/4(3)/032601(9) 032601-1 ©2019 American Physical Society

The Question



PHYSICAL REVIEW FLUIDS 4, 032601(R) (2019)
Rapid Communications

Flow structures govern particle collisions in turbulence

Jason R. Picardo,1,* Lokahith Agasthya,2,† Rama Govindarajan,1,‡ and Samriddhi Sankar Ray1,§

1International Centre for Theoretical Sciences, Tata Institute of Fundamental Research,
Bangalore 560089, India

2Indian Institute for Science Education and Research, Pune 411008, India

(Received 24 October 2018; published 21 March 2019)

The role of the spatial structure of a turbulent flow in enhancing particle collision rates
in suspensions is an open question. We show and quantify, as a function of particle inertia,
the correlation between the multiscale structures of turbulence and particle collisions:
Straining zones contribute predominantly to rapid head-on collisions compared to vortical
regions. We also discover the importance of vortex-strain worm-rolls, which goes beyond
ideas of preferential concentration and may explain the rapid growth of aggregates in
natural processes, such as the initiation of rain in warm clouds.

DOI: 10.1103/PhysRevFluids.4.032601

Turbulence is riddled with a hierarchy of interacting vortical and straining structures (Fig. 1),
which are closely related to its characteristic intermittent and non-Gaussian statistics [1– 6]. The
most intense structures typically occur near each other, in the form of vortex tubes surrounded
by straining sheets, as shown in Fig. 1. This organization—a sort of vortex-strain worm-rolls—is
characteristic of turbulent flows [7– 10], and its origin and dynamical implications continue to be
investigated [11– 16]. These structures distinguish fully developed turbulence from purely random
flow fields, and must play an important role in many aspects of turbulent transport. The most
important of these—because it remains central to our understanding of phenomena as diverse as the
formation of planets in circumstellar disks [17] or the initiation of rain in warm clouds [18,19]—is
the growth of macroscopic aggregates, due to collisions and coalescences, from nuclei-particles
(dust or aerosols) suspended in a turbulent flow. The role of the underlying turbulent carrier flow
is critical: Estimates of, e.g., the growth rate of these aggregates in the absence of such flows
do not agree with that seen in nature [20]. Indeed, the explanation of such rapid growth through
coalescence, demonstrated [21– 23] and quantified in terms of flow statistics [20,24,25], is rooted in
the ability of turbulent flows to enhance the rate of collisions between nuclei seed particles.

A critical discovery, made by Bec, et al. [22], was the precise connection between the intermittent
(multiscaling) nature of the carrier turbulent flow and the accelerated growth of aggregates. And yet
the implied correlation between the structure of the flow and droplet collisions and coalescences
remains unknown. Indeed, there is evidence to suggest that flow structures matter. But the question
is how and when.

In this paper we answer this question comprehensively, based on direct numerical simulations
(DNSs), and show how straining regions are intrinsically more effective at generating collisions
than vortical ones even for uniformly distributed inertia-less particles. Particle inertia widens this

*jrpicardo@icts.res.in; picardo21@gmail.com
† lokahith.agasthya@students.iiserpune.ac.in
‡ rama@icts.res.in
§ samriddhisankarray@gmail.com

2469-990X/2019/4(3)/032601(9) 032601-1 ©2019 American Physical Society

The Answer

• Straining regions more effective at generating collisions



PHYSICAL REVIEW FLUIDS 4, 032601(R) (2019)
Rapid Communications

Flow structures govern particle collisions in turbulence

Jason R. Picardo,1,* Lokahith Agasthya,2,† Rama Govindarajan,1,‡ and Samriddhi Sankar Ray1,§

1International Centre for Theoretical Sciences, Tata Institute of Fundamental Research,
Bangalore 560089, India

2Indian Institute for Science Education and Research, Pune 411008, India

(Received 24 October 2018; published 21 March 2019)

The role of the spatial structure of a turbulent flow in enhancing particle collision rates
in suspensions is an open question. We show and quantify, as a function of particle inertia,
the correlation between the multiscale structures of turbulence and particle collisions:
Straining zones contribute predominantly to rapid head-on collisions compared to vortical
regions. We also discover the importance of vortex-strain worm-rolls, which goes beyond
ideas of preferential concentration and may explain the rapid growth of aggregates in
natural processes, such as the initiation of rain in warm clouds.

DOI: 10.1103/PhysRevFluids.4.032601

Turbulence is riddled with a hierarchy of interacting vortical and straining structures (Fig. 1),
which are closely related to its characteristic intermittent and non-Gaussian statistics [1– 6]. The
most intense structures typically occur near each other, in the form of vortex tubes surrounded
by straining sheets, as shown in Fig. 1. This organization—a sort of vortex-strain worm-rolls—is
characteristic of turbulent flows [7– 10], and its origin and dynamical implications continue to be
investigated [11– 16]. These structures distinguish fully developed turbulence from purely random
flow fields, and must play an important role in many aspects of turbulent transport. The most
important of these—because it remains central to our understanding of phenomena as diverse as the
formation of planets in circumstellar disks [17] or the initiation of rain in warm clouds [18,19]—is
the growth of macroscopic aggregates, due to collisions and coalescences, from nuclei-particles
(dust or aerosols) suspended in a turbulent flow. The role of the underlying turbulent carrier flow
is critical: Estimates of, e.g., the growth rate of these aggregates in the absence of such flows
do not agree with that seen in nature [20]. Indeed, the explanation of such rapid growth through
coalescence, demonstrated [21– 23] and quantified in terms of flow statistics [20,24,25], is rooted in
the ability of turbulent flows to enhance the rate of collisions between nuclei seed particles.

A critical discovery, made by Bec, et al. [22], was the precise connection between the intermittent
(multiscaling) nature of the carrier turbulent flow and the accelerated growth of aggregates. And yet
the implied correlation between the structure of the flow and droplet collisions and coalescences
remains unknown. Indeed, there is evidence to suggest that flow structures matter. But the question
is how and when.

In this paper we answer this question comprehensively, based on direct numerical simulations
(DNSs), and show how straining regions are intrinsically more effective at generating collisions
than vortical ones even for uniformly distributed inertia-less particles. Particle inertia widens this

*jrpicardo@icts.res.in; picardo21@gmail.com
† lokahith.agasthya@students.iiserpune.ac.in
‡ rama@icts.res.in
§ samriddhisankarray@gmail.com

2469-990X/2019/4(3)/032601(9) 032601-1 ©2019 American Physical Society

The Answer

• Straining regions more effective at generating collisions

• Intense vorticity and strain, cohabiting as vortex-strain worm-rolls, conspire to generate violent collisions. 
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Key Message: These effects are not just due to preferential concentration 
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The Tools

Identifying structures in the fluidPICARDO, AGASTHYA, GOVINDARAJAN, AND RAY

FIG. 1. Representative snapshot of three-dimensional contours of Q showing intense vortex tubes (opaque
red: +5.6

√
⟨Q2⟩) enveloped by dissipative, straining sheets (transparent blue: − 2

√
⟨Q2⟩).

discrepancy, not simply by preferential concentration, but also by selectively increasing the collision
velocities in straining zones. This is because straining regions have a larger proportion of head-on
or rear-end collisions, as opposed to side-on collisions, which are predominant in vortical regions.
Consequently, a larger fraction of the velocity gradient in straining zones is translated into the
particle approach velocity. Finally, and most strikingly, we show how intense vorticity and strain,
cohabiting as vortex-strain worm-rolls, conspire to generate rapid, violent collisions.

We therefore consider an incompressible (∇ · u = 0) turbulent flow whose velocity u is a solution
to the Navier-Stokes equation

∂t u + (u · ∇)u = − ∇p + ν∇2u + f , (1)

where ν is the kinematic viscosity. We perform DNSs on a triperiodic domain with N3 = 5123

grid points, by using a standard de-aliased pseudospectral solver [26] and a second-order Adams-
Bashford scheme for time integration. A statistically stationary, homogeneous, and isotropic flow
is maintained by the time-dependent large-scale forcing f , which injects a constant amount of
energy, and hence dissipation ϵ, into the first two wave-number shells. The Kolmogorov length
η = (ν3/ϵ)1/4 satisfies ηkmax ≈ 1.7 (where kmax =

√
2N/3 is the maximum resolved wave number).

The Taylor-Reynolds number Reλ = 2E
√

5/(3νϵ) = 196, where E is the total kinetic energy. The
compensated energy spectrum from such a simulation shows an inertial range which is certainly less
than a decade but still resolved [see, e.g., Fig. 1(a) for N = 512 and D = 3.00 in Ref. [5]].

To identify vortical and straining structures in the flow, we use the second invariant of the velocity
gradient tensor Q = (R2 − S2)/2 [27– 29], defined through the velocity gradient tensor A = τη∇u
[normalized by the Kolmogorov time τη = (ν/ϵ)1/2] which yields the symmetric strain rate tensor
S = (A + AT)/2 and the antisymmetric rotation rate tensor R = (A − AT)/2. Regions where Q >
0 (Q < 0) are dominated by vorticity (irrotational strain) [25]. Figure 1 presents contours of large
positive and negative values of Q, which reveal characteristic vortex-strain worm-rolls.
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discrepancy, not simply by preferential concentration, but also by selectively increasing the collision
velocities in straining zones. This is because straining regions have a larger proportion of head-on
or rear-end collisions, as opposed to side-on collisions, which are predominant in vortical regions.
Consequently, a larger fraction of the velocity gradient in straining zones is translated into the
particle approach velocity. Finally, and most strikingly, we show how intense vorticity and strain,
cohabiting as vortex-strain worm-rolls, conspire to generate rapid, violent collisions.

We therefore consider an incompressible (∇ · u = 0) turbulent flow whose velocity u is a solution
to the Navier-Stokes equation

∂t u + (u · ∇)u = − ∇p + ν∇2u + f , (1)

where ν is the kinematic viscosity. We perform DNSs on a triperiodic domain with N3 = 5123

grid points, by using a standard de-aliased pseudospectral solver [26] and a second-order Adams-
Bashford scheme for time integration. A statistically stationary, homogeneous, and isotropic flow
is maintained by the time-dependent large-scale forcing f , which injects a constant amount of
energy, and hence dissipation ϵ, into the first two wave-number shells. The Kolmogorov length
η = (ν3/ϵ)1/4 satisfies ηkmax ≈ 1.7 (where kmax =

√
2N/3 is the maximum resolved wave number).

The Taylor-Reynolds number Reλ = 2E
√

5/(3νϵ) = 196, where E is the total kinetic energy. The
compensated energy spectrum from such a simulation shows an inertial range which is certainly less
than a decade but still resolved [see, e.g., Fig. 1(a) for N = 512 and D = 3.00 in Ref. [5]].

To identify vortical and straining structures in the flow, we use the second invariant of the velocity
gradient tensor Q = (R2 − S2)/2 [27– 29], defined through the velocity gradient tensor A = τη∇u
[normalized by the Kolmogorov time τη = (ν/ϵ)1/2] which yields the symmetric strain rate tensor
S = (A + AT)/2 and the antisymmetric rotation rate tensor R = (A − AT)/2. Regions where Q >
0 (Q < 0) are dominated by vorticity (irrotational strain) [25]. Figure 1 presents contours of large
positive and negative values of Q, which reveal characteristic vortex-strain worm-rolls.
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Saffman-Turner hypothesis: Collisions should occur uniformly between any two regions that possess 
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Saffman-Turner hypothesis: Collisions should occur uniformly between any two regions that possess 
the same velocity gradient magnitude 

Saffman & Turner, J. Fluid Mech. 1, 16 (1956)

Discrepancy: Flow structures that are intrinsically more effective at causing collisions. 

Collisions over sample straining regions relative to where particles reside 
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FIG. 2. Bi-probability distribution functions P(R2, S2) for inertia-less (tracer) particles, corresponding to
the values of R2 and S2 sampled by (a) particles and (b) collision locations, which show the disproportionate
bias toward collisions in strain-dominated regions.

To unambiguously determine the influence of the local flow field, we must begin with tracers
which remain uniformly distributed in space. To allow for collisions, the radii of these particles
are kept (artificially) finite, while their inertia is ignored. According to the Saffman-Turner theory
[40], collisions should occur uniformly between any two regions that possess the same velocity
gradient magnitude, regardless of whether these regions are vortical or straining. We now examine
this hypothesis, bearing in mind that a discrepancy will implicate flow structures that are intrinsically
more effective at causing collisions.

Toward this end, we calculate the values of R2 and S2 along particle trajectories, as well as at col-
lision locations. The results for inertia-less particles are presented as joint probability distributions
functions P(R2, S2) in Figs. 2(a) and 2(b), respectively. It is immediately clear that collisions under
sample vortical regions (R2 > S2) and over sample straining regions (S2 > R2), relative to where
particles reside. This is also seen in Fig. 3(a), which overlays contours of P(R2, S2) = 0.1 and 0.02,
for particles (dashed) and collisions (solid). The strain (vorticity) dominated portion of this plot is
shaded in blue (red), and corresponds to Q < −0.3 (Q > +0.3).
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FIG. 3. (a) Contours corresponding to P(R2, S2) = 0.02, 0.1, sampled by inertia-less particles (dashed)
and their collisions (solid). The blue and red shaded portions correspond to Q < −0.3 and Q > +0.3, and
indicate regions dominated by strain and vorticity, respectively. Conditional probability distributions of (b) the
cosine of the angle of collision θ , for data corresponding to the shaded portions of panel (a), and (c) the
approach velocity at collision "v||, normalized by the Kolmogorov velocity vη. These panels clearly illustrate
why straining regions are more effective at generating collisions.
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To unambiguously determine the influence of the local flow field, we must begin with tracers
which remain uniformly distributed in space. To allow for collisions, the radii of these particles
are kept (artificially) finite, while their inertia is ignored. According to the Saffman-Turner theory
[40], collisions should occur uniformly between any two regions that possess the same velocity
gradient magnitude, regardless of whether these regions are vortical or straining. We now examine
this hypothesis, bearing in mind that a discrepancy will implicate flow structures that are intrinsically
more effective at causing collisions.

Toward this end, we calculate the values of R2 and S2 along particle trajectories, as well as at col-
lision locations. The results for inertia-less particles are presented as joint probability distributions
functions P(R2, S2) in Figs. 2(a) and 2(b), respectively. It is immediately clear that collisions under
sample vortical regions (R2 > S2) and over sample straining regions (S2 > R2), relative to where
particles reside. This is also seen in Fig. 3(a), which overlays contours of P(R2, S2) = 0.1 and 0.02,
for particles (dashed) and collisions (solid). The strain (vorticity) dominated portion of this plot is
shaded in blue (red), and corresponds to Q < −0.3 (Q > +0.3).
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FIG. 3. (a) Contours corresponding to P(R2, S2) = 0.02, 0.1, sampled by inertia-less particles (dashed)
and their collisions (solid). The blue and red shaded portions correspond to Q < −0.3 and Q > +0.3, and
indicate regions dominated by strain and vorticity, respectively. Conditional probability distributions of (b) the
cosine of the angle of collision θ , for data corresponding to the shaded portions of panel (a), and (c) the
approach velocity at collision "v||, normalized by the Kolmogorov velocity vη. These panels clearly illustrate
why straining regions are more effective at generating collisions.
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To unambiguously determine the influence of the local flow field, we must begin with tracers
which remain uniformly distributed in space. To allow for collisions, the radii of these particles
are kept (artificially) finite, while their inertia is ignored. According to the Saffman-Turner theory
[40], collisions should occur uniformly between any two regions that possess the same velocity
gradient magnitude, regardless of whether these regions are vortical or straining. We now examine
this hypothesis, bearing in mind that a discrepancy will implicate flow structures that are intrinsically
more effective at causing collisions.

Toward this end, we calculate the values of R2 and S2 along particle trajectories, as well as at col-
lision locations. The results for inertia-less particles are presented as joint probability distributions
functions P(R2, S2) in Figs. 2(a) and 2(b), respectively. It is immediately clear that collisions under
sample vortical regions (R2 > S2) and over sample straining regions (S2 > R2), relative to where
particles reside. This is also seen in Fig. 3(a), which overlays contours of P(R2, S2) = 0.1 and 0.02,
for particles (dashed) and collisions (solid). The strain (vorticity) dominated portion of this plot is
shaded in blue (red), and corresponds to Q < −0.3 (Q > +0.3).
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FIG. 3. (a) Contours corresponding to P(R2, S2) = 0.02, 0.1, sampled by inertia-less particles (dashed)
and their collisions (solid). The blue and red shaded portions correspond to Q < −0.3 and Q > +0.3, and
indicate regions dominated by strain and vorticity, respectively. Conditional probability distributions of (b) the
cosine of the angle of collision θ , for data corresponding to the shaded portions of panel (a), and (c) the
approach velocity at collision "v||, normalized by the Kolmogorov velocity vη. These panels clearly illustrate
why straining regions are more effective at generating collisions.
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the values of R2 and S2 sampled by (a) particles and (b) collision locations, which show the disproportionate
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To unambiguously determine the influence of the local flow field, we must begin with tracers
which remain uniformly distributed in space. To allow for collisions, the radii of these particles
are kept (artificially) finite, while their inertia is ignored. According to the Saffman-Turner theory
[40], collisions should occur uniformly between any two regions that possess the same velocity
gradient magnitude, regardless of whether these regions are vortical or straining. We now examine
this hypothesis, bearing in mind that a discrepancy will implicate flow structures that are intrinsically
more effective at causing collisions.

Toward this end, we calculate the values of R2 and S2 along particle trajectories, as well as at col-
lision locations. The results for inertia-less particles are presented as joint probability distributions
functions P(R2, S2) in Figs. 2(a) and 2(b), respectively. It is immediately clear that collisions under
sample vortical regions (R2 > S2) and over sample straining regions (S2 > R2), relative to where
particles reside. This is also seen in Fig. 3(a), which overlays contours of P(R2, S2) = 0.1 and 0.02,
for particles (dashed) and collisions (solid). The strain (vorticity) dominated portion of this plot is
shaded in blue (red), and corresponds to Q < −0.3 (Q > +0.3).
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FIG. 3. (a) Contours corresponding to P(R2, S2) = 0.02, 0.1, sampled by inertia-less particles (dashed)
and their collisions (solid). The blue and red shaded portions correspond to Q < −0.3 and Q > +0.3, and
indicate regions dominated by strain and vorticity, respectively. Conditional probability distributions of (b) the
cosine of the angle of collision θ , for data corresponding to the shaded portions of panel (a), and (c) the
approach velocity at collision "v||, normalized by the Kolmogorov velocity vη. These panels clearly illustrate
why straining regions are more effective at generating collisions.
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To unambiguously determine the influence of the local flow field, we must begin with tracers
which remain uniformly distributed in space. To allow for collisions, the radii of these particles
are kept (artificially) finite, while their inertia is ignored. According to the Saffman-Turner theory
[40], collisions should occur uniformly between any two regions that possess the same velocity
gradient magnitude, regardless of whether these regions are vortical or straining. We now examine
this hypothesis, bearing in mind that a discrepancy will implicate flow structures that are intrinsically
more effective at causing collisions.

Toward this end, we calculate the values of R2 and S2 along particle trajectories, as well as at col-
lision locations. The results for inertia-less particles are presented as joint probability distributions
functions P(R2, S2) in Figs. 2(a) and 2(b), respectively. It is immediately clear that collisions under
sample vortical regions (R2 > S2) and over sample straining regions (S2 > R2), relative to where
particles reside. This is also seen in Fig. 3(a), which overlays contours of P(R2, S2) = 0.1 and 0.02,
for particles (dashed) and collisions (solid). The strain (vorticity) dominated portion of this plot is
shaded in blue (red), and corresponds to Q < −0.3 (Q > +0.3).
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FIG. 3. (a) Contours corresponding to P(R2, S2) = 0.02, 0.1, sampled by inertia-less particles (dashed)
and their collisions (solid). The blue and red shaded portions correspond to Q < −0.3 and Q > +0.3, and
indicate regions dominated by strain and vorticity, respectively. Conditional probability distributions of (b) the
cosine of the angle of collision θ , for data corresponding to the shaded portions of panel (a), and (c) the
approach velocity at collision "v||, normalized by the Kolmogorov velocity vη. These panels clearly illustrate
why straining regions are more effective at generating collisions.
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• Large Stokes: Particle dynamics decorrelated from the flow

• St ~ 0.3: Strongest effect for strain-dominated collisions

FLOW STRUCTURES GOVERN PARTICLE COLLISIONS IN …
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FIG. 4. (a) Average Q, sampled by particles (red-dashed) and collisions (black-solid), as a function of St.
(b) Average particle number density in vortical and straining regions (positive and negative Q), plotted as a
function of St, and normalized by the domain-average number density n̄. (c) Average approach velocity for
collisions in vortical and straining regions, normalized by vη.

This surprising result is an outcome of the distinct flow topologies of these regions which cause
particles to approach each other differently. Figure 3(b) presents the distribution of the cosine of the
collision angle θ , for straining (blue) and vortical (red) regions. θ is defined as the angle between
the relative velocity vector (Vp 1 − Vp 2) and the separation vector (Xp 1 − Xp 2) at collision. Particles in
straining regions tend to collide in a head-on or rear-end manner (θ ≈ 0 or π ). In either case, a large
fraction of the velocity difference between particles contributes to their rate of approach or collision
velocity ($v||). On the other hand, particles in vortices undergo collisions that are closer to being
side-on, in which case the separation vector is nearly perpendicular to the relative velocity. This
results in lower approach velocities in vortical regions, as shown in Fig. 3(c). Consequently, over
a given time interval, fewer particles will collide in vortical regions compared to straining regions
with the same magnitude of the velocity gradient and particle number density.

How does particle inertia affect this picture? Figure 4(a) presents the average value of Q sampled
by particles (dashed-red) and their collision locations (solid-black) as a function of Stokes number.
At St = 0, ⟨Q⟩ is 0 for particles and −0.04 for collisions. Remarkably, this offset is strongly
amplified by inertia and reaches a maximum around St ≈ 0.3, beyond which particles begin to
decorrelate from the underlying flow and eventually collide uniformly. The preference of inertial
particles (St > 0) to collide in straining regions has been reported previously by Perrin and Jonker
[49,50]. Our results demonstrate that this effect is not fundamentally tied to particle inertia, but
rather is an amplification of a difference that exists even for inertia-less tracers, raising the question:
How does particle inertia selectively enhance collisions in straining regions?

One possible explanation is provided by preferential concentration: Heavy particles are cen-
trifuged out of rotational regions, and thus tend to accumulate in straining zones just outside vortices
[43]. This causes the number density to increase in straining regions, at the expense of vortical zones,
as shown in Fig. 4(b). Here, n is a coarse-grained number density, obtained by dividing the domain
into bins of size 20η. The average Q in each bin is used to distinguish between vortical (Q > 0)
and straining regions (Q < 0) and obtain the conditionally averaged number density. All else being
equal, higher number densities imply larger collision rates [20]. However, we see that the maximum
difference in number densities occurs near St ≈ 1, which is not where the maximum difference in
⟨Q⟩ is seen [Fig. 4(a)]. Hence another mechanism must be involved.

Inertia is also known to increase the relative velocity between neighboring particles [36–38],
which should result in higher collision velocities. On examining this effect in straining and vortical
regions separately, we find that it is stronger in straining regions and, in fact, has no impact on
vortical regions for small St. This is demonstrated in Fig. 4(c), which presents the average values of
$v||, conditioned on Q. It appears that head-on (or rear-end) collisions, which prevail in straining
zones, are more amenable to being sped up by inertia than side-on collisions. Notably, the maximum
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FIG. 4. (a) Average Q, sampled by particles (red-dashed) and collisions (black-solid), as a function of St.
(b) Average particle number density in vortical and straining regions (positive and negative Q), plotted as a
function of St, and normalized by the domain-average number density n̄. (c) Average approach velocity for
collisions in vortical and straining regions, normalized by vη.

This surprising result is an outcome of the distinct flow topologies of these regions which cause
particles to approach each other differently. Figure 3(b) presents the distribution of the cosine of the
collision angle θ , for straining (blue) and vortical (red) regions. θ is defined as the angle between
the relative velocity vector (Vp 1 − Vp 2) and the separation vector (Xp 1 − Xp 2) at collision. Particles in
straining regions tend to collide in a head-on or rear-end manner (θ ≈ 0 or π ). In either case, a large
fraction of the velocity difference between particles contributes to their rate of approach or collision
velocity ($v||). On the other hand, particles in vortices undergo collisions that are closer to being
side-on, in which case the separation vector is nearly perpendicular to the relative velocity. This
results in lower approach velocities in vortical regions, as shown in Fig. 3(c). Consequently, over
a given time interval, fewer particles will collide in vortical regions compared to straining regions
with the same magnitude of the velocity gradient and particle number density.

How does particle inertia affect this picture? Figure 4(a) presents the average value of Q sampled
by particles (dashed-red) and their collision locations (solid-black) as a function of Stokes number.
At St = 0, ⟨Q⟩ is 0 for particles and −0.04 for collisions. Remarkably, this offset is strongly
amplified by inertia and reaches a maximum around St ≈ 0.3, beyond which particles begin to
decorrelate from the underlying flow and eventually collide uniformly. The preference of inertial
particles (St > 0) to collide in straining regions has been reported previously by Perrin and Jonker
[49,50]. Our results demonstrate that this effect is not fundamentally tied to particle inertia, but
rather is an amplification of a difference that exists even for inertia-less tracers, raising the question:
How does particle inertia selectively enhance collisions in straining regions?

One possible explanation is provided by preferential concentration: Heavy particles are cen-
trifuged out of rotational regions, and thus tend to accumulate in straining zones just outside vortices
[43]. This causes the number density to increase in straining regions, at the expense of vortical zones,
as shown in Fig. 4(b). Here, n is a coarse-grained number density, obtained by dividing the domain
into bins of size 20η. The average Q in each bin is used to distinguish between vortical (Q > 0)
and straining regions (Q < 0) and obtain the conditionally averaged number density. All else being
equal, higher number densities imply larger collision rates [20]. However, we see that the maximum
difference in number densities occurs near St ≈ 1, which is not where the maximum difference in
⟨Q⟩ is seen [Fig. 4(a)]. Hence another mechanism must be involved.

Inertia is also known to increase the relative velocity between neighboring particles [36–38],
which should result in higher collision velocities. On examining this effect in straining and vortical
regions separately, we find that it is stronger in straining regions and, in fact, has no impact on
vortical regions for small St. This is demonstrated in Fig. 4(c), which presents the average values of
$v||, conditioned on Q. It appears that head-on (or rear-end) collisions, which prevail in straining
zones, are more amenable to being sped up by inertia than side-on collisions. Notably, the maximum
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FIG. 4. (a) Average Q, sampled by particles (red-dashed) and collisions (black-solid), as a function of St.
(b) Average particle number density in vortical and straining regions (positive and negative Q), plotted as a
function of St, and normalized by the domain-average number density n̄. (c) Average approach velocity for
collisions in vortical and straining regions, normalized by vη.

This surprising result is an outcome of the distinct flow topologies of these regions which cause
particles to approach each other differently. Figure 3(b) presents the distribution of the cosine of the
collision angle θ , for straining (blue) and vortical (red) regions. θ is defined as the angle between
the relative velocity vector (Vp 1 − Vp 2) and the separation vector (Xp 1 − Xp 2) at collision. Particles in
straining regions tend to collide in a head-on or rear-end manner (θ ≈ 0 or π ). In either case, a large
fraction of the velocity difference between particles contributes to their rate of approach or collision
velocity ($v||). On the other hand, particles in vortices undergo collisions that are closer to being
side-on, in which case the separation vector is nearly perpendicular to the relative velocity. This
results in lower approach velocities in vortical regions, as shown in Fig. 3(c). Consequently, over
a given time interval, fewer particles will collide in vortical regions compared to straining regions
with the same magnitude of the velocity gradient and particle number density.

How does particle inertia affect this picture? Figure 4(a) presents the average value of Q sampled
by particles (dashed-red) and their collision locations (solid-black) as a function of Stokes number.
At St = 0, ⟨Q⟩ is 0 for particles and −0.04 for collisions. Remarkably, this offset is strongly
amplified by inertia and reaches a maximum around St ≈ 0.3, beyond which particles begin to
decorrelate from the underlying flow and eventually collide uniformly. The preference of inertial
particles (St > 0) to collide in straining regions has been reported previously by Perrin and Jonker
[49,50]. Our results demonstrate that this effect is not fundamentally tied to particle inertia, but
rather is an amplification of a difference that exists even for inertia-less tracers, raising the question:
How does particle inertia selectively enhance collisions in straining regions?

One possible explanation is provided by preferential concentration: Heavy particles are cen-
trifuged out of rotational regions, and thus tend to accumulate in straining zones just outside vortices
[43]. This causes the number density to increase in straining regions, at the expense of vortical zones,
as shown in Fig. 4(b). Here, n is a coarse-grained number density, obtained by dividing the domain
into bins of size 20η. The average Q in each bin is used to distinguish between vortical (Q > 0)
and straining regions (Q < 0) and obtain the conditionally averaged number density. All else being
equal, higher number densities imply larger collision rates [20]. However, we see that the maximum
difference in number densities occurs near St ≈ 1, which is not where the maximum difference in
⟨Q⟩ is seen [Fig. 4(a)]. Hence another mechanism must be involved.

Inertia is also known to increase the relative velocity between neighboring particles [36–38],
which should result in higher collision velocities. On examining this effect in straining and vortical
regions separately, we find that it is stronger in straining regions and, in fact, has no impact on
vortical regions for small St. This is demonstrated in Fig. 4(c), which presents the average values of
$v||, conditioned on Q. It appears that head-on (or rear-end) collisions, which prevail in straining
zones, are more amenable to being sped up by inertia than side-on collisions. Notably, the maximum
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• Large Stokes: Particle dynamics decorrelated from the flow

• St ~ 0.3: Strongest effect for strain-dominated collisions

Possible Explanations

• Preferential Concentration: Higher number of collisions

• Enhanced relative velocity

Perrin & Jonker, Phys. Rev. E 89, 033005 (2014)
Perrin & Jonker,  J. Fluid Mecjh. 792, 36 (2016)
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FIG. 4. (a) Average Q, sampled by particles (red-dashed) and collisions (black-solid), as a function of St.
(b) Average particle number density in vortical and straining regions (positive and negative Q), plotted as a
function of St, and normalized by the domain-average number density n̄. (c) Average approach velocity for
collisions in vortical and straining regions, normalized by vη.

This surprising result is an outcome of the distinct flow topologies of these regions which cause
particles to approach each other differently. Figure 3(b) presents the distribution of the cosine of the
collision angle θ , for straining (blue) and vortical (red) regions. θ is defined as the angle between
the relative velocity vector (Vp 1 − Vp 2) and the separation vector (Xp 1 − Xp 2) at collision. Particles in
straining regions tend to collide in a head-on or rear-end manner (θ ≈ 0 or π ). In either case, a large
fraction of the velocity difference between particles contributes to their rate of approach or collision
velocity ($v||). On the other hand, particles in vortices undergo collisions that are closer to being
side-on, in which case the separation vector is nearly perpendicular to the relative velocity. This
results in lower approach velocities in vortical regions, as shown in Fig. 3(c). Consequently, over
a given time interval, fewer particles will collide in vortical regions compared to straining regions
with the same magnitude of the velocity gradient and particle number density.

How does particle inertia affect this picture? Figure 4(a) presents the average value of Q sampled
by particles (dashed-red) and their collision locations (solid-black) as a function of Stokes number.
At St = 0, ⟨Q⟩ is 0 for particles and −0.04 for collisions. Remarkably, this offset is strongly
amplified by inertia and reaches a maximum around St ≈ 0.3, beyond which particles begin to
decorrelate from the underlying flow and eventually collide uniformly. The preference of inertial
particles (St > 0) to collide in straining regions has been reported previously by Perrin and Jonker
[49,50]. Our results demonstrate that this effect is not fundamentally tied to particle inertia, but
rather is an amplification of a difference that exists even for inertia-less tracers, raising the question:
How does particle inertia selectively enhance collisions in straining regions?

One possible explanation is provided by preferential concentration: Heavy particles are cen-
trifuged out of rotational regions, and thus tend to accumulate in straining zones just outside vortices
[43]. This causes the number density to increase in straining regions, at the expense of vortical zones,
as shown in Fig. 4(b). Here, n is a coarse-grained number density, obtained by dividing the domain
into bins of size 20η. The average Q in each bin is used to distinguish between vortical (Q > 0)
and straining regions (Q < 0) and obtain the conditionally averaged number density. All else being
equal, higher number densities imply larger collision rates [20]. However, we see that the maximum
difference in number densities occurs near St ≈ 1, which is not where the maximum difference in
⟨Q⟩ is seen [Fig. 4(a)]. Hence another mechanism must be involved.

Inertia is also known to increase the relative velocity between neighboring particles [36–38],
which should result in higher collision velocities. On examining this effect in straining and vortical
regions separately, we find that it is stronger in straining regions and, in fact, has no impact on
vortical regions for small St. This is demonstrated in Fig. 4(c), which presents the average values of
$v||, conditioned on Q. It appears that head-on (or rear-end) collisions, which prevail in straining
zones, are more amenable to being sped up by inertia than side-on collisions. Notably, the maximum
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(b) Average particle number density in vortical and straining regions (positive and negative Q), plotted as a
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This surprising result is an outcome of the distinct flow topologies of these regions which cause
particles to approach each other differently. Figure 3(b) presents the distribution of the cosine of the
collision angle θ , for straining (blue) and vortical (red) regions. θ is defined as the angle between
the relative velocity vector (Vp 1 − Vp 2) and the separation vector (Xp 1 − Xp 2) at collision. Particles in
straining regions tend to collide in a head-on or rear-end manner (θ ≈ 0 or π ). In either case, a large
fraction of the velocity difference between particles contributes to their rate of approach or collision
velocity ($v||). On the other hand, particles in vortices undergo collisions that are closer to being
side-on, in which case the separation vector is nearly perpendicular to the relative velocity. This
results in lower approach velocities in vortical regions, as shown in Fig. 3(c). Consequently, over
a given time interval, fewer particles will collide in vortical regions compared to straining regions
with the same magnitude of the velocity gradient and particle number density.

How does particle inertia affect this picture? Figure 4(a) presents the average value of Q sampled
by particles (dashed-red) and their collision locations (solid-black) as a function of Stokes number.
At St = 0, ⟨Q⟩ is 0 for particles and −0.04 for collisions. Remarkably, this offset is strongly
amplified by inertia and reaches a maximum around St ≈ 0.3, beyond which particles begin to
decorrelate from the underlying flow and eventually collide uniformly. The preference of inertial
particles (St > 0) to collide in straining regions has been reported previously by Perrin and Jonker
[49,50]. Our results demonstrate that this effect is not fundamentally tied to particle inertia, but
rather is an amplification of a difference that exists even for inertia-less tracers, raising the question:
How does particle inertia selectively enhance collisions in straining regions?

One possible explanation is provided by preferential concentration: Heavy particles are cen-
trifuged out of rotational regions, and thus tend to accumulate in straining zones just outside vortices
[43]. This causes the number density to increase in straining regions, at the expense of vortical zones,
as shown in Fig. 4(b). Here, n is a coarse-grained number density, obtained by dividing the domain
into bins of size 20η. The average Q in each bin is used to distinguish between vortical (Q > 0)
and straining regions (Q < 0) and obtain the conditionally averaged number density. All else being
equal, higher number densities imply larger collision rates [20]. However, we see that the maximum
difference in number densities occurs near St ≈ 1, which is not where the maximum difference in
⟨Q⟩ is seen [Fig. 4(a)]. Hence another mechanism must be involved.

Inertia is also known to increase the relative velocity between neighboring particles [36–38],
which should result in higher collision velocities. On examining this effect in straining and vortical
regions separately, we find that it is stronger in straining regions and, in fact, has no impact on
vortical regions for small St. This is demonstrated in Fig. 4(c), which presents the average values of
$v||, conditioned on Q. It appears that head-on (or rear-end) collisions, which prevail in straining
zones, are more amenable to being sped up by inertia than side-on collisions. Notably, the maximum
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This surprising result is an outcome of the distinct flow topologies of these regions which cause
particles to approach each other differently. Figure 3(b) presents the distribution of the cosine of the
collision angle θ , for straining (blue) and vortical (red) regions. θ is defined as the angle between
the relative velocity vector (Vp 1 − Vp 2) and the separation vector (Xp 1 − Xp 2) at collision. Particles in
straining regions tend to collide in a head-on or rear-end manner (θ ≈ 0 or π ). In either case, a large
fraction of the velocity difference between particles contributes to their rate of approach or collision
velocity ($v||). On the other hand, particles in vortices undergo collisions that are closer to being
side-on, in which case the separation vector is nearly perpendicular to the relative velocity. This
results in lower approach velocities in vortical regions, as shown in Fig. 3(c). Consequently, over
a given time interval, fewer particles will collide in vortical regions compared to straining regions
with the same magnitude of the velocity gradient and particle number density.

How does particle inertia affect this picture? Figure 4(a) presents the average value of Q sampled
by particles (dashed-red) and their collision locations (solid-black) as a function of Stokes number.
At St = 0, ⟨Q⟩ is 0 for particles and −0.04 for collisions. Remarkably, this offset is strongly
amplified by inertia and reaches a maximum around St ≈ 0.3, beyond which particles begin to
decorrelate from the underlying flow and eventually collide uniformly. The preference of inertial
particles (St > 0) to collide in straining regions has been reported previously by Perrin and Jonker
[49,50]. Our results demonstrate that this effect is not fundamentally tied to particle inertia, but
rather is an amplification of a difference that exists even for inertia-less tracers, raising the question:
How does particle inertia selectively enhance collisions in straining regions?

One possible explanation is provided by preferential concentration: Heavy particles are cen-
trifuged out of rotational regions, and thus tend to accumulate in straining zones just outside vortices
[43]. This causes the number density to increase in straining regions, at the expense of vortical zones,
as shown in Fig. 4(b). Here, n is a coarse-grained number density, obtained by dividing the domain
into bins of size 20η. The average Q in each bin is used to distinguish between vortical (Q > 0)
and straining regions (Q < 0) and obtain the conditionally averaged number density. All else being
equal, higher number densities imply larger collision rates [20]. However, we see that the maximum
difference in number densities occurs near St ≈ 1, which is not where the maximum difference in
⟨Q⟩ is seen [Fig. 4(a)]. Hence another mechanism must be involved.

Inertia is also known to increase the relative velocity between neighboring particles [36–38],
which should result in higher collision velocities. On examining this effect in straining and vortical
regions separately, we find that it is stronger in straining regions and, in fact, has no impact on
vortical regions for small St. This is demonstrated in Fig. 4(c), which presents the average values of
$v||, conditioned on Q. It appears that head-on (or rear-end) collisions, which prevail in straining
zones, are more amenable to being sped up by inertia than side-on collisions. Notably, the maximum

032601-5

Possible Explanations

• Preferential Concentration: Higher number of collisions

• Enhanced relative velocity

Perrin & Jonker, Phys. Rev. E 89, 033005 (2014)
Perrin & Jonker,  J. Fluid Mecjh. 792, 36 (2016)

Larger approach rates due to flow structures and not preferential concentration seems to be the 
primary driver for collisions



Picardo, Agasthya, Govindarajan, and Ray, Phys. Rev. Fluids (Rapids) 4, 032601(R) (2019)

Can vortical and straining regions conspire to enhance collisions?



Picardo, Agasthya, Govindarajan, and Ray, Phys. Rev. Fluids (Rapids) 4, 032601(R) (2019)

The conspiracy of vortex-strain worm-rolls
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FIG. 1. Representative snapshot of three-dimensional contours of Q showing intense vortex tubes (opaque
red: +5.6

√
⟨Q2⟩) enveloped by dissipative, straining sheets (transparent blue: − 2

√
⟨Q2⟩).

discrepancy, not simply by preferential concentration, but also by selectively increasing the collision
velocities in straining zones. This is because straining regions have a larger proportion of head-on
or rear-end collisions, as opposed to side-on collisions, which are predominant in vortical regions.
Consequently, a larger fraction of the velocity gradient in straining zones is translated into the
particle approach velocity. Finally, and most strikingly, we show how intense vorticity and strain,
cohabiting as vortex-strain worm-rolls, conspire to generate rapid, violent collisions.

We therefore consider an incompressible (∇ · u = 0) turbulent flow whose velocity u is a solution
to the Navier-Stokes equation

∂t u + (u · ∇)u = − ∇p + ν∇2u + f , (1)

where ν is the kinematic viscosity. We perform DNSs on a triperiodic domain with N3 = 5123

grid points, by using a standard de-aliased pseudospectral solver [26] and a second-order Adams-
Bashford scheme for time integration. A statistically stationary, homogeneous, and isotropic flow
is maintained by the time-dependent large-scale forcing f , which injects a constant amount of
energy, and hence dissipation ϵ, into the first two wave-number shells. The Kolmogorov length
η = (ν3/ϵ)1/4 satisfies ηkmax ≈ 1.7 (where kmax =

√
2N/3 is the maximum resolved wave number).

The Taylor-Reynolds number Reλ = 2E
√

5/(3νϵ) = 196, where E is the total kinetic energy. The
compensated energy spectrum from such a simulation shows an inertial range which is certainly less
than a decade but still resolved [see, e.g., Fig. 1(a) for N = 512 and D = 3.00 in Ref. [5]].

To identify vortical and straining structures in the flow, we use the second invariant of the velocity
gradient tensor Q = (R2 − S2)/2 [27– 29], defined through the velocity gradient tensor A = τη∇u
[normalized by the Kolmogorov time τη = (ν/ϵ)1/2] which yields the symmetric strain rate tensor
S = (A + AT)/2 and the antisymmetric rotation rate tensor R = (A − AT)/2. Regions where Q >
0 (Q < 0) are dominated by vorticity (irrotational strain) [25]. Figure 1 presents contours of large
positive and negative values of Q, which reveal characteristic vortex-strain worm-rolls.
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discrepancy, not simply by preferential concentration, but also by selectively increasing the collision
velocities in straining zones. This is because straining regions have a larger proportion of head-on
or rear-end collisions, as opposed to side-on collisions, which are predominant in vortical regions.
Consequently, a larger fraction of the velocity gradient in straining zones is translated into the
particle approach velocity. Finally, and most strikingly, we show how intense vorticity and strain,
cohabiting as vortex-strain worm-rolls, conspire to generate rapid, violent collisions.

We therefore consider an incompressible (∇ · u = 0) turbulent flow whose velocity u is a solution
to the Navier-Stokes equation

∂t u + (u · ∇)u = − ∇p + ν∇2u + f , (1)

where ν is the kinematic viscosity. We perform DNSs on a triperiodic domain with N3 = 5123

grid points, by using a standard de-aliased pseudospectral solver [26] and a second-order Adams-
Bashford scheme for time integration. A statistically stationary, homogeneous, and isotropic flow
is maintained by the time-dependent large-scale forcing f , which injects a constant amount of
energy, and hence dissipation ϵ, into the first two wave-number shells. The Kolmogorov length
η = (ν3/ϵ)1/4 satisfies ηkmax ≈ 1.7 (where kmax =

√
2N/3 is the maximum resolved wave number).

The Taylor-Reynolds number Reλ = 2E
√

5/(3νϵ) = 196, where E is the total kinetic energy. The
compensated energy spectrum from such a simulation shows an inertial range which is certainly less
than a decade but still resolved [see, e.g., Fig. 1(a) for N = 512 and D = 3.00 in Ref. [5]].

To identify vortical and straining structures in the flow, we use the second invariant of the velocity
gradient tensor Q = (R2 − S2)/2 [27– 29], defined through the velocity gradient tensor A = τη∇u
[normalized by the Kolmogorov time τη = (ν/ϵ)1/2] which yields the symmetric strain rate tensor
S = (A + AT)/2 and the antisymmetric rotation rate tensor R = (A − AT)/2. Regions where Q >
0 (Q < 0) are dominated by vorticity (irrotational strain) [25]. Figure 1 presents contours of large
positive and negative values of Q, which reveal characteristic vortex-strain worm-rolls.
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discrepancy, not simply by preferential concentration, but also by selectively increasing the collision
velocities in straining zones. This is because straining regions have a larger proportion of head-on
or rear-end collisions, as opposed to side-on collisions, which are predominant in vortical regions.
Consequently, a larger fraction of the velocity gradient in straining zones is translated into the
particle approach velocity. Finally, and most strikingly, we show how intense vorticity and strain,
cohabiting as vortex-strain worm-rolls, conspire to generate rapid, violent collisions.

We therefore consider an incompressible (∇ · u = 0) turbulent flow whose velocity u is a solution
to the Navier-Stokes equation

∂t u + (u · ∇)u = − ∇p + ν∇2u + f , (1)

where ν is the kinematic viscosity. We perform DNSs on a triperiodic domain with N3 = 5123

grid points, by using a standard de-aliased pseudospectral solver [26] and a second-order Adams-
Bashford scheme for time integration. A statistically stationary, homogeneous, and isotropic flow
is maintained by the time-dependent large-scale forcing f , which injects a constant amount of
energy, and hence dissipation ϵ, into the first two wave-number shells. The Kolmogorov length
η = (ν3/ϵ)1/4 satisfies ηkmax ≈ 1.7 (where kmax =

√
2N/3 is the maximum resolved wave number).

The Taylor-Reynolds number Reλ = 2E
√

5/(3νϵ) = 196, where E is the total kinetic energy. The
compensated energy spectrum from such a simulation shows an inertial range which is certainly less
than a decade but still resolved [see, e.g., Fig. 1(a) for N = 512 and D = 3.00 in Ref. [5]].

To identify vortical and straining structures in the flow, we use the second invariant of the velocity
gradient tensor Q = (R2 − S2)/2 [27– 29], defined through the velocity gradient tensor A = τη∇u
[normalized by the Kolmogorov time τη = (ν/ϵ)1/2] which yields the symmetric strain rate tensor
S = (A + AT)/2 and the antisymmetric rotation rate tensor R = (A − AT)/2. Regions where Q >
0 (Q < 0) are dominated by vorticity (irrotational strain) [25]. Figure 1 presents contours of large
positive and negative values of Q, which reveal characteristic vortex-strain worm-rolls.
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FIG. 5. Representative plots of (a) the maximum value of Q sampled by the particle inside the vortical
region; (b) the average value of Q at collision; and (c) the corresponding approach velocity at collisions
obtained from Lagrangian tracking of particles that collide in straining regions (Q < 0) after leaving a vortical
region and conditionally averaged on the time taken to collide after entering the straining region (tstrain). These
plots clearly illustrate the singular importance of vortex-strain worm-rolls as discussed in the text.

difference between collision velocities occurs near St ≈ 0.3, which matches well with the maximum
difference in ⟨Q⟩ [Fig. 4(a)]. Thus, larger approach rates, rather than number densities, appear to be
the primary reason for the effectiveness of straining regions in creating collisions.

Thus far, we have considered vortical and straining regions individually. Particle inertia, however,
permits structures within a distance of τpVp to influence a collision. This raises the possibility of
vortical and straining regions conspiring to enhance collisions, especially for moderately large St.
For example, the geometry of vortex-strain worm-rolls (Fig. 1) will cause particles in intense vortex
tubes to be rapidly ejected into strong straining sheets, where they are very likely to collide.

We search for evidence of this effect by tracing, backward in time, all particles that collide in
straining regions. For the subset that do have at least one particle originating from a vortical region
(Q > 0), we record (i) the time taken to collide after leaving the vortical region and entering the
straining zone (tstrain), as indicated by Q changing sign; (ii) the strength of the vortex, measured
in terms of the maximum positive value of Q sampled inside the vortical region (Qvortex); (iii) the
intensity of straining at the collision location (Qcol); and (iv) the collision velocity. While measuring
the vortex strength, we only backtrack for a time of 3τη within the vortical region, to ensure that the
Q values obtained are relevant to the subsequent collision. The conclusions are insensitive to the
exact value of this threshold. To facilitate backtracking, we store the values of Q along all particle
trajectories, at time intervals of τη/6, for the entire duration of the simulations. This avoids having
to store the velocity field at each time step, for integrating the particle motion backward in time (as
done in [51]), which, given the rarity of collisions and the consequent long simulation time, would
require prohibitively large amounts of computer storage.

Figure 5 presents the results of this backward-in-time Lagrangian calculation, conditionally
averaged on the time taken to collide after leaving a vortical region, tstrain, for St = 1, 0.6 and 0.1.
The data for moderately large St (1 and 0.6), reveal the impact of vortex-strain worm-rolls. Particles
that collide quickly (small tstrain) are found to originate from more intense vortical regions [Fig. 5(a)]
and to collide in stronger straining regions [Fig. 5(b)]. This signature weakens considerably for less
inertial (St = 0.1) particles which are mildly ejected and relax faster to the local straining flow.

The collision velocities for small tstrain are also systematically larger [Fig. 5(c)]. The standard
deviation about each data point (not shown for clarity) is of the order of the average value. Thus,
several small tstrain collisions have very large collision velocities, indicative of caustics or sling
events, which are known to dominate the collision rate for St > 0.5 [20,24]. Traditionally, these
have been linked to rapid ejection from vortices [41]. Our results indicate that this is only half the
story: Straining sheets which envelope strong vortices also contribute to generating violent collisions
and enhancing collision rates.
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discrepancy, not simply by preferential concentration, but also by selectively increasing the collision
velocities in straining zones. This is because straining regions have a larger proportion of head-on
or rear-end collisions, as opposed to side-on collisions, which are predominant in vortical regions.
Consequently, a larger fraction of the velocity gradient in straining zones is translated into the
particle approach velocity. Finally, and most strikingly, we show how intense vorticity and strain,
cohabiting as vortex-strain worm-rolls, conspire to generate rapid, violent collisions.

We therefore consider an incompressible (∇ · u = 0) turbulent flow whose velocity u is a solution
to the Navier-Stokes equation

∂t u + (u · ∇)u = − ∇p + ν∇2u + f , (1)

where ν is the kinematic viscosity. We perform DNSs on a triperiodic domain with N3 = 5123

grid points, by using a standard de-aliased pseudospectral solver [26] and a second-order Adams-
Bashford scheme for time integration. A statistically stationary, homogeneous, and isotropic flow
is maintained by the time-dependent large-scale forcing f , which injects a constant amount of
energy, and hence dissipation ϵ, into the first two wave-number shells. The Kolmogorov length
η = (ν3/ϵ)1/4 satisfies ηkmax ≈ 1.7 (where kmax =

√
2N/3 is the maximum resolved wave number).

The Taylor-Reynolds number Reλ = 2E
√

5/(3νϵ) = 196, where E is the total kinetic energy. The
compensated energy spectrum from such a simulation shows an inertial range which is certainly less
than a decade but still resolved [see, e.g., Fig. 1(a) for N = 512 and D = 3.00 in Ref. [5]].

To identify vortical and straining structures in the flow, we use the second invariant of the velocity
gradient tensor Q = (R2 − S2)/2 [27– 29], defined through the velocity gradient tensor A = τη∇u
[normalized by the Kolmogorov time τη = (ν/ϵ)1/2] which yields the symmetric strain rate tensor
S = (A + AT)/2 and the antisymmetric rotation rate tensor R = (A − AT)/2. Regions where Q >
0 (Q < 0) are dominated by vorticity (irrotational strain) [25]. Figure 1 presents contours of large
positive and negative values of Q, which reveal characteristic vortex-strain worm-rolls.
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FIG. 5. Representative plots of (a) the maximum value of Q sampled by the particle inside the vortical
region; (b) the average value of Q at collision; and (c) the corresponding approach velocity at collisions
obtained from Lagrangian tracking of particles that collide in straining regions (Q < 0) after leaving a vortical
region and conditionally averaged on the time taken to collide after entering the straining region (tstrain). These
plots clearly illustrate the singular importance of vortex-strain worm-rolls as discussed in the text.

difference between collision velocities occurs near St ≈ 0.3, which matches well with the maximum
difference in ⟨Q⟩ [Fig. 4(a)]. Thus, larger approach rates, rather than number densities, appear to be
the primary reason for the effectiveness of straining regions in creating collisions.

Thus far, we have considered vortical and straining regions individually. Particle inertia, however,
permits structures within a distance of τpVp to influence a collision. This raises the possibility of
vortical and straining regions conspiring to enhance collisions, especially for moderately large St.
For example, the geometry of vortex-strain worm-rolls (Fig. 1) will cause particles in intense vortex
tubes to be rapidly ejected into strong straining sheets, where they are very likely to collide.

We search for evidence of this effect by tracing, backward in time, all particles that collide in
straining regions. For the subset that do have at least one particle originating from a vortical region
(Q > 0), we record (i) the time taken to collide after leaving the vortical region and entering the
straining zone (tstrain), as indicated by Q changing sign; (ii) the strength of the vortex, measured
in terms of the maximum positive value of Q sampled inside the vortical region (Qvortex); (iii) the
intensity of straining at the collision location (Qcol); and (iv) the collision velocity. While measuring
the vortex strength, we only backtrack for a time of 3τη within the vortical region, to ensure that the
Q values obtained are relevant to the subsequent collision. The conclusions are insensitive to the
exact value of this threshold. To facilitate backtracking, we store the values of Q along all particle
trajectories, at time intervals of τη/6, for the entire duration of the simulations. This avoids having
to store the velocity field at each time step, for integrating the particle motion backward in time (as
done in [51]), which, given the rarity of collisions and the consequent long simulation time, would
require prohibitively large amounts of computer storage.

Figure 5 presents the results of this backward-in-time Lagrangian calculation, conditionally
averaged on the time taken to collide after leaving a vortical region, tstrain, for St = 1, 0.6 and 0.1.
The data for moderately large St (1 and 0.6), reveal the impact of vortex-strain worm-rolls. Particles
that collide quickly (small tstrain) are found to originate from more intense vortical regions [Fig. 5(a)]
and to collide in stronger straining regions [Fig. 5(b)]. This signature weakens considerably for less
inertial (St = 0.1) particles which are mildly ejected and relax faster to the local straining flow.

The collision velocities for small tstrain are also systematically larger [Fig. 5(c)]. The standard
deviation about each data point (not shown for clarity) is of the order of the average value. Thus,
several small tstrain collisions have very large collision velocities, indicative of caustics or sling
events, which are known to dominate the collision rate for St > 0.5 [20,24]. Traditionally, these
have been linked to rapid ejection from vortices [41]. Our results indicate that this is only half the
story: Straining sheets which envelope strong vortices also contribute to generating violent collisions
and enhancing collision rates.
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• Straining regions more effective at generating collisions: Larger proportion of head-on or rear-end collisions 

• A larger fraction of the velocity gradient in straining zones is translated into the particle approach velocity. 
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• Preferential concentration, caustics and other mechanisms only a part of the story: Turbulence matters!
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Understanding droplet collisions through a model flow: Insights from a Burgers vortex
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We investigate the role of intense vortical structures, similar to those in a turbulent flow, in enhancing collisions
(and coalescences) which lead to the formation of large aggregates in particle-laden flows. By using a Burgers
vortex model, we show, in particular, that vortex stretching significantly enhances sharp inhomogeneities in
spatial particle densities, related to the rapid ejection of particles from intense vortices. Furthermore our work
shows how such spatial clustering leads to an enhancement of collision rates and extreme statistics of collisional
velocities. We also study the role of polydisperse suspensions in this enhancement. Our work uncovers an
important principle, which, if valid for realistic turbulent flows, may be a factor in how small nuclei water
droplets in warm clouds can aggregate to sizes large enough to trigger rain.
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I. INTRODUCTION

The transport of small, often spherical, particles in turbu-
lent flows is central to several processes in nature and industry.
These phenomena span across several orders of length scales
and timescales and are of importance for problems in sta-
tistical physics, fluid dynamics, and geophysics as well as
astrophysics. More often than not, such particles are neither
massless nor pointlike (tracers): Hence our understanding
of the anomalous nature of Lagrangian turbulence is often
inadequate when dealing with small, but finite-sized, heavy
particles [1], because such inertial particles—embryonic rain
drops in a warm cloud [2–4], pollen grains and pollutants
[5,6], or even planetesimals in a dusty circumstellar disk of
gas [7]—behave very differently from tracers in a flow. A
key difference between the dynamics of tracers and inertial
particles is dissipation: The phase space for tracers is con-
served, whereas that associated with inertial particles shrinks
[1]. A dramatic visual manifestation of this is seen, e.g., in a
snapshot of an ensemble of inertial particles in a flow. Such
configurations show an inhomogeneous, preferential concen-
tration of the particles in certain regions of the flow, unlike the
case of tracers which distribute homogeneously [8–11].

Among the several problems of interest in this field, a
recent focus has been on the issues of collisions [12–19],
coalescences [2,4,12,20], and settling [3,21] of such particles
in a turbulent flow. Although such questions are important for
fluid dynamics and the statistical physics of nonequilibrium
transport and aggregation problems, there has also been a
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greater appreciation for its implication in understanding, e.g.,
the microphysics of droplet growth leading to precipitation in
warm clouds, because the growth of water droplets from small
aerosols is, beyond a certain size, dominated by coalescence.
Hence the role of turbulent fluctuations in broadening the size
distribution of droplets, beginning with, e.g., a monodisperse
suspension of particles, deserves attention.

How effective is turbulence-driven coalescence in trigger-
ing the growth of large objects? The answer to this question
must depend on the way particles approach each other. This
rate of approach has its origins in two distinct features of
particle dynamics: (1) preferential concentration leading to an
inhomogeneous distribution of particles and (2) sling or caus-
tic effects [22–24], which cause heavy particles, of suitable
sizes, to collide with unusually large velocity differences. A
mechanical interpretation of both these effects can be traced
back to the proliferation of vortices in a three-dimensional
flow: Vortices in a flow act like centrifuges, expelling heavy
particles from their core. Hence particles are seen to cluster
in regions of low rotation and high strain. Furthermore, ex-
pelled particles which are sufficiently large (yet smaller than
the Kolmogorov scale of the flow) can meet other particles
with arbitrary (and hence often large) velocity differences
and thereby collide rapidly. However, the precise role of the
curious intertwined geometry of straining and vortical regions
in particle collisions has been examined in fully developed
three-dimensional turbulent flows, via direct numerical sim-
ulations, only recently [19]. The probability of coalescence
upon collision of two droplets is a complex issue, beyond the
scope of this paper.

The question remains, however, of the precise importance
of vortical structures in facilitating droplet growth, especially
when the carrier flows are strongly turbulent. A clear, defini-
tive answer is difficult for two principal reasons. First, fully
resolved numerical simulations can rarely reach Reynolds
numbers which are large enough for us to isolate the role of
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Open Questions

• How are collisions affected when structures change?

• Modification of flow structures by new physical interactions: Examples include condensation, small-scale motion, 
elastic feedback from polymer additives.

• Role of gravitational settling
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